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THEOREMS ON SIMPLE GROUPS’ 


H. F. BLICHFELDT 
Introduction and Terminology. 


$1. It is our purpose in this paper to state and prove a somewhat more precise 
theorem on simple groups than that given by FRroBentvs in his article Ueber 
auflésbare Gruppen. V.t+' This theorem of Fropenrvs we shall state in the 
following form: * Let /7 be a group whose order is divisible by p*, p being a 
prime. If // is simple, then there is in // a substitution 7, whose order is 
prime to p, which is commutative with some subgroup @ of // of order p* and 
not commutative with every subgroup of (Q. In the contrary case, /7 has an 
invariant subgroup of index p*, containing all the substitutions of /7 whose 
orders are prime to p.” 

The theorem which we shall here establish (divided for convenience into four 
parts, I, II, III, 1V) defines the group Q more explicitly, and the nature of the 
relation of 7, to Q in the most important case, namely, when Q is a Sylow sub- 
group of 47. Several applications are added in the form of corollaries. 

The phraseology of ordinary group theory will be employed. The following 
abbreviations are used : 

A = P means * the groups (substitutions) A and B are identical ” ; 

A < B means “the group (substitution) A is contained in the group B, 

though it is not identical with B.” 

The letters /7, P, P, and 7’ have the following significance throughout : 

H represents a group of order p*n, p being a prime number not dividing n ; 

P represents any given subgroup of // of order p* ; 


P, represents any given subgroup of P of order p’—'; and 


T is the general symbol for a substitution of /7 whose order is prime to p- 


Though it is contrary to general usage, we shall proceed from right to left in 
a succession of substitutions indicated. A function subjected to a substitution 
or a succession of such shall be written to the right of the substitutions indi- 


* The present paper is an extension of two papers read before the San Francisco section, viz., 
A theorem concerning the Sylow subgroups of simple groups, September 29, 1906 ; and A theorem on 
simple groups, September 26, 1908. 

+Sitzungsberichte der Koéniglich Preussischen Akademie der Wissen- 
schaften zu Berlin, 1901, p. 1324. 











2 H. F. BLICHFELDT: [January 


cated, enclosed in parentheses. Thus, if A and B represent substitutions, J a 
function, the symbol A B( J) represents the function obtained by first subject- 
ing J to the substitution B, and then subjecting the result to the substitution A. 


Theorems and corollaries. 


§2. Theorem I. Among the substitutions contained in P, but not in P,, 
let S be any one of those of lowest order. Then, if H is simple, there are in 
Ha group Q (either = P or < P, containing S) and a substitution T, say 
T,, of the following nature : 

1°) If Q=P, this substitution T, is commutative with P but not with S ; 
more generally, the commutator S-'T>'ST, is not in P,. 

2°) If Q <P, then T, is commutative with Q, but not with every subgroup 
of Q of index p. 

Theorem II. Jf Q < P, there is a group Q, = Q containing S, and there is 


a certain series of groups 
2 
Q,5 Q., Q;; an Qr.41 = f 


of orders p”, p’*', p’**, ---, p*, respectively, each a subgroup of the one to the 
right of it, possessing the following property. Let R, be that group whose 
substitutions are common to all the subgroups of Q, of index p. Then, if 
A, be any substitution of Q, but not of Q,,, i> 1, the substitution 


( SA é yA Pt , 


though a substitution of Q,,, does not belong to | 

Corollary 1. Every substitution of P commutative with S must belong 
to @. More generally, if p > 2, every substitution A of ?, such that the sub- 
stitutions A and SAS~' are commutative, must belong to Q@. Hence, if p> 2, 
every abelian subgroup of P which is transformed into itself by S, must 
belong to Q. 

We prove this corollary from Theorem II by making use of the facts that 
#,_, is invariant in (),; that every commutator of Q,, belongs to F,_,; that 
the pth powers of the substitutions of Q, , belong to #, ,. 

Theorem ITI. 

a) If Q, <P, then the order p* of P is = p”*', or is = p™, according as 
the order of Q, is = p*', or is <p*'. 

8) If the order of P is < p*-', then there is in P some subgroup P, and 
substitution S for which the corresponding group Q = P. 

Corollary 2. The group Q is certainly = P in the cases where P 

1°) is abelian (Theorem I1), 


2°) or contains no substitutions of order p* (Theorem I), 
3°) or is of order p” at most (Theorem III). 
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In any of these cases H will therefore contain a subgroup M which contains 
P invariantively. Any one of the substitutions S of P (defined in Theorem 
I) is non-commutative with some substitution T of M. 

In particular, if P fulfills both 1°) and 2°), then no one of its substitutions 
(except identity) is invariant in J/. 

Corollary 3. Let p be the lowest prime which divides the order of A, and 
let it be given that the corresponding subgroup P is abelian.* Let a set of 
independent generating substitutions of P be constructed ; then, if one of these 
generators be of order p", there must be at least three generators of order p* if 
p> 2; at least two if p = 2. 

Hence, if p> 2, and if the order of P be = p*, then P must be of type 
(1, 1,---, 1) in every case, with the exception of the possibility (2, 2, 2). 
Again, if p= 2, and the order of P be = p’, the only permissible types are 
the following: (1, 1), (1, 1, 1), (1, 1,1, 1), (1, 1, 1, 1, 1), (1, 1, 1, 1, 1, 1), 
(2, 2), (2, 2, 1, 1), (2, 2, 2), (3, 3). 

To prove this corollary. let A,, A,,--- be the generators of order p*; B,, 


B 


»» ++: the generators whose orders, p”, p”*, --- are > p*. The group X, gen- 


. . b,-1 by—1 a—1 a—l . . . 
erated by the substitutions By", By’ ,..-, A’, At, ---, is acharacteristic 


subgroup of P.+ Moreover, the group A’, generated by BY", Be", ... 
(leaving out of KK the generators A’*’, .--), is a characteristic subgroup of P. 
Let the factor-group A’/ A’ be denoted by ZL, and its generating substitutions by 
a,, 4,, +++, corresponding to A,, A,---. 

In applying Theorem I, 1°), let 2’, be that group generated by those gener- 
ators of P whose orders are higher or lower than p*, and by A?, A,,---. Then 
we may put S = A,, and we must have 


T;'A,T,= AjC, e©+1 (mod.p), 


where C belongs to P,. 
Accordingly, 


ree | a 7, = ( Ay ): or, 


Since 7, is commutative with Z, we have correspondingly 


afl —_ ra 
T;'a,T, = aie, 


c belonging to that subgroup of Z generated by a,,---. Hence, if there were 


only two generators, a,, @,, in J, then the order of 7, would be a factor of 


p?—1. But this number is divisible by no prime > p except when p=2 


* The more general case where P is not abelian, if it be only such that, for every P, and S, Q—P 
(cf. Cor. 2), is embodied in this corollary when B,,---, A,, ---, instead of being the generators 
of P, are the generators of the factor-group P/W, W being the commutator subgroup of P. 

+ Fropentus, Ueber aujlésbare Gruppen. Il, Sitzungsberichte der Akademie der Wis- 
senschaften zu Berlin (1895), pp. 1028-1029. BuRNsIDE, Theory of Groups, pp. 233-235. 
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At the end of his paper on soluble groups, referred to in the introduction,* 
FROBENIUS proves that every group of order p’*gr is soluble, if \ = 4; p,q,7r 
being odd primes. Using his arguments in conjunction with Theorems I-III 
we find the 

Corollary 4. very group of order p*qr is soluble, if X =p? —1; p,q,” 
being different odd primes. 


Theorem IV. Jf the conditions as specified for a simple group H in 
Theorems {, II and III are not all fulfilled with reference to S and P, then 
H has an invariant subgroup H, of index p, which does not contain S, but 


contains every substitution T of H. 


Proof of the theorems. 

$3. Let P’ be the largest subgroup of 47 whose substitutions are commuta- 
tive with /, and which, besides, transform S into itself or into Sx (a substi- 
tution of P,). This group 2’ is of order p*n’, n’ being a factor of n. We 
shall prove that 

A) The group P’ contains an invariant subgroup P, of order p* , to which 
S does not belong ; further, no substitution of P, not belonging to P., is of 
lower order than S. 


We write P’ as a regular group in p*n’ letters 
V9 Lao °° %9 Dan * 
The substitutions of , will transform x, into p\—' different letters, say 


yy Hey ++ %y Hat. 


The functions 


(1) [,=#,+2%,+---+ 4-1, S(1,), S*(1), +++, SL) 


are all absolute invariants for the group P,. Let @ bea root different from 
1, of the equation 


g—1=0 P 
and let us consider the function 
E, = 1, + O°S(L,) + OPS 1) + FOP Se T). 
It is not identically zero, no two of the functions (1) containing the same 
letter x,. It is an absolute invariant for the group P,, and we have 
S( I,) _ 6l,. 


We shall introduce the following abbreviations : 
¢ means a power of 6; and 


* Loe. cit., p. 1329. 
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¢@ means a power of 6, different from 1. 
Then if A is any substitution of P, 


A(L,)=l,  S(L,) =, 
§ 4. When the group P’ is written symbolically in the form 
P'=P+B,P4+BP4+---+B,P, 


the function 


(2) I, = I,- B,( 1,)-B,(1,)+---+ By (2) 
is seen to be a relative invariant for P’. We find that 
S(1,) = 0", = $1,. 


It follows that all the substitutions of P’ for which J, is an absolute invariant 
form an invariant subgroup P”’ of order p‘—'n’, not containing S. This sub- 
group has a subgroup P; of order p*—', also invariant in P’. The first part of 
(A), §3, has thus been proved. 

To prove the second part, we remark first that, as P is invariant in 2’, all 
the factors of J, are relative invariants for P. Hence, if A be a substitution 
of P and not of P|, the condition 


A(1;) = $1, 


necessitates that, for some factor B,(J,) of the right-hand member of (2), the 
relation shall subsist : 

AB,(I,) = $B,(1,). 
This gives 

BAB I,) = $1,. 


It follows that B;'AB,, though a substitution of /, does not belong to P,. 
Hence its order is not lower than that of S (cf. Theorem I). Hence the order 
of A is not lower than that of S. 


§ 5. We shall now write // as a regular group in / = p*n letters, #,, 7,, ---, ,- 
The substitutions of P” will transform x, into p*'w letters, say x,, #,, «+ -, # 


Let J=a7,4+ 4%, 4+ +--+ Hays and let us consider the function 


J=1+0"S(I)+ 9-283 T)+---+0?"'S?(T), 


which is not identically zero. 

B) The group P’ contains all the substitutions of H for which J is a rela- 
tive invariant. 

Let W transform x, into x,, both occurring in J. Since the letters involved 
in J form a transitive set for the group P’, we can find a substitution in the 
latter, say V, which also transforms x, into x,. The substitution VW will 
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therefore leave x, unchanged. Since // is written in regular form, it follows 
that VW" is identity. Jf J bea relative invariant for W, and the order of 
W be a power of p, then W belongs to P. 


§ 6. The substitutions of /7 will transform J into n/n’ expressions that do 
not differ by constant factors merely. The product 7 of these factors will be 
a relative or absolute invariant for 7. Evidently, A(a) = a, A being any 
substitution of 7. If 

S(7) = or , 


then /7 contains an invariant subgroup //, of index p, consisting of all the sub- 
stitutions C for which 

O( 1 ) =T7. 
To this subgroup would belong every substitution 7’ of H. Accordingly, 
unless the group H, of Theorem IV exists, we must have 


(3) S(r)=r. 


§ 7. To examine the nature of the factors of 7, let us write 7 symbolically 
in the form 


(4) H= P’+ PV,+PV,+---+PV,,, 


n 


The group P’, operating upon J, will furnish just one of the factors of 7, 
namely J. The p* substitutions represented by the symbol 7 V, will furnish, 
say, p“ factors of +, whose product we shall indicate by 7,. Now, for j + i, 
one of the factors of 7, may be equal, apart from a constant multiplier, to one 
of the factors of 7;. In such a case we find 7, = 7, x (a constant). We shall 
then agree to say that T= 1,ifj >i. With this understanding we may write 


w=Jn,7,+++ 7 


Since S(J) = 0/J, S(2,) = r,, it follows that, if (3) is to hold, there is at 
least one index p such that 
(5) S( T,)= gr. 

§ 8. First, let 7, consist of a single factor. Then the alternative case 1°) of 


Theorem I[ is proved in the following manner. Let V be one of the substitu- 
tions PV, of (4). Then we may suppose that 


w,=V(JS). 


p 


The function T, is here a relative invariant for P. Hence, J is a relative 


invariant for V-'PV. Hence, by (2), § 5, 


V'PV=P. 
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Now, since V does not belong to P’, the group generated by V and P’, though 
containing P invariantively, does not fulfill the other conditions imposed upon 
P’ in §3. Case 1°) of Theorem I thus follows. 


§ 9. Next, let a, consist of more than one factor, 
(6) T= YiY2-** Ypr- 

C’) Then we shall prove that V, one of the substitutions of the symbol PV,, 
transforms a certain subgroup Q, of P, which contains S, into itself or into 
another subgroup of P. Moreover, V does not transform that subgroup of 
Q, which is also a subgroup of P; into itself or into another subgroup of P,. 


Substituting (6) in (5), it might happen that, for some index j, we have 
S(y;) + Sy,. Then we may suppose that 


S(y;) =Yjsrs S( Yj.) = Yja2s tee SCY; 14, ) = Oy, (07? —1)., 


Thus, if y, = W(/), we get 
(T) WS" WS) = O'S. 


Hence (§ 5, B) WIS” W < P. 
This substitution, being of lower order than S, must belong to 2; (§ 3, A). 
The function J is, however, an absolute invariant for P” and therefore for P; 


(ef. §§ 4, 5). Accordingly 6’= 1. 


$10. The p* factors of 7, (6), permuted transitively by 7, fall into p sets of 
p*— factors each, forming imprimitive sets. Let the p products of the factors 


of these sets be indicated by 
Ay Ags +++ M3 
Substituting in (5), either we have 


(8) S(a,) = Sa, 
or we may put 
S(a,)=a,, S(a,)=a,, ---, S(a,) = a,. 


The latter relations would, however, lead to an equation like (7), 0’ + 1, con- 
trary to what was proved in §9. Accordingly, (8) is true, and ¢=¢ for 
some index i, say i= 1: 
(9) S(a,) = $a,. 

That subgroup of P for which a,, a,, ---, @, are relative invariants shall be 
designated by Q,_,, where vy =XA—k. Its order is p*—'. 

The p*-' factors of a, fall into p sets of imprimitivity for the group Q,_,. 


The respective products shall be indicated by 


b,, 4,, ne bb, ---b, = a,. 


i 1 
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We may assume that S(b,)= $b,. The factors b,, b,, ---, 6, are relative 
invariants for a group Q,_,_, < Q,_,, of order p*-*. Proceeding thus, we 


9 


finally arrive at groups Y,, Y,, Q,, of orders p’**, p’*'!, p” respectively, having 
sets of relative invariants respectively designated by 


Wis Ws ott, Wy} Vis Vo5 Bee Up Ys Yo: ees Yp- 
These invariants satisfy the relations 
©, = 0,0, °° ° U5 UO = 9,92 °°° Yp- 


It will be noticed that S belongs to all of these groups, and we have, corre- 
sponding to (9), 


S(w,) = dw,, S(v,) = dv,, S(y,) = oy,- 


§11. Let y, = V(/J), V being one of the p* substitutions P V,[(4), §7]. 
Then J is a relative invariant for the group V-'@Q, V, which must therefore be 
a subgroup of P(§5). The first statement in (C’), § 9, is thus true. 

Let A be a substitution of Q,, but not of Q,. Then we may suppose that 


y= A“'(y,) (i=2, ++. Pp); 
and we get 
p50) Sn), Sys), _ S+ASA™. APSA. APSA?) 
a v 
(10) 
_ (SA)? A*(y,) — Vo'( SA)? AVS) 
_ Y; 7 J 


Now (SA)? A-” < Q,, and is also contained in every subgroup of P of order 
p. It is therefore contained in P;. For this group J is an absolute invari- 
ant. Therefore, if the second part of (C’), § 9, were not true, then (10) could 
not be true. 


§12. We shall now prove case 2°) of Theorem I. Let (” be any subgroup 
of P such that Y” = Q,, and let 


(11) 2, Qs QP QU=P 


be that series of groups in which each member is the largest subgroup of P 
containing the one immediately to the left of it invariantively. If // contains a 
substitution 7’ which is commutative with one of these groups, say YQ”, m>0, 
without being commutative with (”~”, then 2°) of Theorem I is true ; the group 
@ in the theorem representing a certain group > QY”-" and = Q”. We shall 
therefore assume that every substitution which is commutative with Q” of 


(11), or of any similar series, is commutative also with Q”"-', m>0. Under 
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this assumption the following theorem by Frobenius holds: If A’ represents 
the greatest subgroup of 7 in which Q” is invariant (n > k = 0), then Q“**” 
is a Sylow subgroup of A.* 

D) By means of this theorem we can prove that, if V be the substitution 
considered in §§ 9, 11, we may write 


V=W,W,W,---W., 


where W,, W,, ---, W, are substitutions of H, respectively commutative with 
the following members of a certain series of groups: 


(12) L,=Q,, L,, 2, -::, L=P, 
each a subgroup of those that follow. 


§13. To prove (D), let VPV-'= M. Then M and P have in common 
the group Q,, but no greater group. Let Q) be the greatest subgroup of P 
containing @, invariantively, and (Q\’ the corresponding subgroup of J/. The 
groups Q and Q’’ will generate a group V in which Q| is a Sylow subgroup 
by Frobenius’s theorem, §12. There is therefore in V a substitution W, such 
that Q,, = W7'Q'W,=Q@2. V.1> Q,- We have also W7'Q, W, = Q,. 
Let now (Wr7'V)P(Wy'V)'=M,. Then P and M, have in common a 
subgroup, say L,,=Q,,, and therefore L,>Q,. lf L,=P, then (D) is 


proved, the series (12) consisting of the two terms Q,, /; in this case we find 
V=aW,W,, 


where W, is a certain substitution of 77 commutative with P. 

If L, <P, let L; be the largest subgroup of P containing Z, invariantively, 
Ly; the corresponding subgroup of M/,. The groups L; and L,’ generate a 
group in which LZ) is a Sylow subgroup, ete. Proceeding as above, the proof 
of (D)) may be completed without difficulty. 


§ 14. To complete the proof of case 2°) of Theorem I, let us consider the sub- 
stitutions W,, W,, ---, W_, respectively commutative with the groups of (12). 
If they were at the same time commutative with the corresponding subgroups of 
P|, i. e., if W,, which is commutative with Z,, is also commutative with that 
subgroup (L') of L, which is a subgroup of P|, then (C’), § 9, would not be 
true. For, the group 


V"D9V=Wr'{...[ Wz (WoL! W,)W,)---} W, 


( 


* Paper referred to in §1, p. 1325, LemmalI. The above theorem is apparently more general 
than that given by FROBENIUS, account being taken of the underlying assumptions as stated in 
both places. The method of proof by FRoBENIUs is valid for the case considered here. 
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would then be a subgroup of P;. Accordingly, for some subscript i, there 
is a substitution, W,, commutative with 1,, but not with L’. 

Now if @ be the largest subgroup of /7 in which Z, is invariant, then L; is 
a Sylow subgroup of G ($$12, 13). Evidently, Z° is invariant in L{. Since 
L' is not invariant in G ( W, belongs to G), it follows that there is a substi- 
tution 7’ in G which is not commutative with Z°. The group L, takes the 
place of Q in Theorem I, 2°). 


§ 15. To prove Theorem II, let 


Q,; Q. 5 oe Q-1» r 


be the series of groups arrived at in §10. Let A,_,,, bea substitution belong- 
ing to P, but not to Y,_,. Then we may suppose that 


a, == Art}, (a,) (i 2,3, °°, p)- 
We obtain 
SC) 
T, 


a [S+Ajy4:S Ax 41° Aj_y 41 SAM ++ 9 (G)] 
1 


_ a, ( SA,_, ms Ae? al a,). 


The function a,, being a relative invariant for Q,_,, is plainly an absolute 


y? 
invariant for the group #,_,, whose substitutions are common to all the sub- 
groups of (,_, of order p*~*. It follows that (SA,_,,,)”’Ay”,,, does not 
belong to ?,_,. 


Starting now with a substitution A belonging to (,_, but not to Q,_,415 


A-v 
we may suppose 

b, == Ax‘t'(b,) (i=2, 3,---,p). 
Substituting in ¢ = S(a,)/a,, we find that (SA,_,)? Ax”, does not belong to 
R 


a—p—19 CU. 


The group Q, is = Q of Theorem I, 2%, by $$ 12-14. 


$16. We proceed to prove Theorem III. Considering the groups Q,, Q,, «++, 2? 
of $10, let A designate a substitution belonging to Q,, but not to Y,. We 
will assume that A permutes the letters y,, y., ---, y, in the order 


Az (WY2"**Yp)s 
and that 
S(y,) = O(y;) (i=1, 2,-++)p). 
Then, since S(v,) = ¢v,, 


%+a%+---+a,+0 (modp). 


We shall say that the constants 0", 0%, ..-, 0% are the multipliers of S. 
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The substitution 
S’ = 8". A "SA. A? §%A?*..-- 0 A-Pt! Sr Ar-', 
belonging to @,, will have the multipliers 6, 1, 1, ---, 1, provided the 


congruences 
BE _ Ay Py +.--- 


Ay 2, + Ay Hy foes 


4,2, + 2% +--+ 4, ,",=90 (mod p) 
are satisfied. The necessary condition is that the determinant A of the coeffi- 
cients does not vanish (mod p). We find 
A=(4, + 0a,4+ Pa,+---)(4,+ a, + Oa,+---)--- 
=NW=(a?+as+ar..-)?=a,44,4+4,+---¢0 (modp). 


The substitutions S’, A~'S’A, A-*® S’ A’, ---, all belonging to Q,, are read- 
ily seen to generate a group of order p” at least. The group Q, is accordingly 
of order p’*' at least. Theorem III, «), is thus true when Q, = 7. 


$17. Let Q@,<P. The functions v,, v,, ---, v,, (§ 10) contain p’ factors 


Yis Yor +++» We may assume that 
VU; = Yo—1p41 Ya—1p42 °° * Yip (2 1, 2, ---, p). 


We shall say that the p factors of v, constitute the set V,. The letter B shall 
designate a substitution belonging to Q, but not to Q,. It permutes the letters 


V,, Uys +++ ¥, in some such order as 


B: 


Let 72 represent a substitution of the group @,. It has »v, for a relative in- 
variant. We may assume that it permutes the members of the set V, in the 
order (%4_1))41Yi-1p42"** Yip)» OF Some power of this order, 


n 


Be (Yu-vp+1Ys—rps2 + Yip)" 
Ifn =p, i.e., if the functions y,,_,,,,,, --- are relative invariants for #2, we 
shall say that 2 is linear in V,. Otherwise we shall say that 22 is circular in 


V;,. Thus, S is linear in V,, and A is circular in V,. 


§18. Let us now suppose that /2 is linear in V, and write 


> ; 
fi (Yona +5) = OF y_; +s 
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We shall say that 2 is of rank m in V, if 8, + 08, + 8,+---+ #8, is 
divisible by (1— 0)”, but by no higher power of 1—@; B,,8,, +--+, B, not 
being all equal (mod p). If 8, = 8, =---=B, #9 (mod p), we shall say 
that R is of rank p—1; if 8, = 8, =--- = 8, = 0 (mod p), we shall say 
that R is of rank p. 

Let A, be any substitution contained in Q,. Then A,?A;'#-' is linear in 
V,. It is of rank p if A, is linear in V,; if A, is circular, the commutator in 
question is of rank m + 1 if m < p, and of rank p if m =p. 


§ 19. We can construct by the method of § 16, using S and B, a substi- 
tution S,, < Q,, such that 


S,(v,) = 9v,, S,(v,) = 2, (i=2, 3,--+, 9). 


The following three cases may arise : * 


V;; 
hae 


is circular in V,, v.. e+, Vi; 


(1) S, is linear in V,, V, 
(2) Ss. 

(3) S, is partly linear and partly cireular. 

Consider case (1). The substitution S, is of rank 0 in V, and of rank = 1 in 
V,, V,,---, V,. The substitution S,= AS, A-'S7! is of rank 1 in V, and 
of rank =2in V,, V,,---. The elaine S, = AS, A-'S>! is of rank 2 
in V, and of rank = =3in V,,V,,---. P annelilnes thus, we get a series of sub- 
stitutions of which the last, S, = AS, , A-'S>!,, is of rank p — 1 in V, and of 
rank p in V,, V, 

The substitutions 


S,, BS, B-', B'S, B-?, ..-, Be-8, B-*' 


will generate a group (’ of order p” at least. This group does not contain S, 
The substitutions 


—}° 


S BSB, PE. B+, ->, BP“ sb_.F' 


p—1? pl p-l ’ p-l 
and the group Q’ will generate a group (” of order p* at least, ete. Finally, 
we have a group (”’, of order =p”, linear in V,, V,, ---, V,, which group 
with A and B generate a group of order = p’**?. 


§ 20. Consider case (2). Constructing the substitutions 
) 8 


R,=BS,B-, Rk, =S8,R, SR, 


we find that /2, is linear in V,, V,,---, V,, of rank 1 in V, and V, and of 
rank = 2 in V,, V,,---, V,. 


Now, S is linear in V, ($17). It cannot be linear in all the sets 
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V., V., ---, or S, would be linear throughout. Hence there is a substitution 
2 3 1 5 9 
W = B' SB-, which is circular in J’, and linear in V,. Then the substitution 
R,= WR,W-'R>' is linear in all the sets V,, V,,---. It is of rank 2 in V. 

3 2 2 1 2 1 
and of rank =3 in the remaining sets. Proceeding as in § 19, we construct a 


group QQ?” of order =p'’-*”, linear throughout, a subgroup in the group 


generated by A, B and F#,. This group Q”-” and the substitutions 72,, 
BR, B", BR,B-*,--- generate a group Y’~" of order = p”-’-', linear 
throughout. This group and the substitutions S, BS, B', BS B-, 


generate a group = Q,, of order =p”—'. Accordingly, the order of (, is =p”. 
The same processes, with siight variations, will dispose of case (3). Theorem 


ITI, ~), will be found true. 


$21. In proving Theorem III, B), we may assume that Q,= P. 

There is a substitution S’ < Q,, but not < Q,, which can take the place of 
S in Theorem I, Q, being substituted for 7, in the theorem, and a correspond- 
ing group @ taking the place of Q, in Theorems II and III, a). If P= Q, 
Theorem III, 8) is true. If P> Q’, then there exists a set of functions 


-_ , , , 
U 7 Yis Yor °°*9 Yoo 


corresponding to the set V, defined in $17. These functions are permuted 
transitively by P; otherwise the order of this group would be = 
III, z)]. We will look upon P as transformi 
V. 


1 


p” [Theorem 
ig simultaneously the two sets 
and V;, making use of the results of § 16. 


We may evidently assume S’ = A of $16. Then A is linear and of rank 
0 in V,, and is circular in V,. 2 

There must be a substitution A’ which is circular in V;. 
find an integer » such that the substitution A’A" is linear in V.. 


We can evidently 
Again, such 
numbers m and / can be found that the substitution 


R =(A’A")*S™ 


is linear and of rank 0 in V, and is circular in V;. 

The substitutions A and 22 will now generate a group of order = p?’-'. To 
prove this, we construct first 22, = AMA-'R-', which is linear and of rank 1 
in both V, and V;; then the substitutions 


2= AR, A“ Rr", R,= AR, A “RS, 


which are all linear, of rank p in V |, and of ranks 2, 3, ---, respectively, in V3 
finally, we construct the substitutions 


W, = RR,R-“ Ro, W,= RW,R-“W;', W,= RW,R- Wa, 


all linear, of rank p in V,, and of ranks 2, 3, 4, ---, respectively, in V’. 
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The substitutions 2?,, 2,, 2,, ---; W,. W,, --- will generate a group of 
order = p*’-’, linear in V, and V;. Again this group together with A and 2 


will generate a group of order = p?’-'. 
§ 22. Theorem IV is proved as follows. The invariant subgroup //, exists 
unless the condition S() = 7 is satisfied (cf. §6). But Theorems I, II and 


III were true in consequence of this condition. 





INFINITE DISCONTINUOUS GROUPS OF BIRATIONAL TRANSFOR- 
MATIONS WHICH LEAVE CERTAIN SURFACES INVARIANT* 


BY 


VIRGIL SNYDER 


It was shown by Schwarz jf that no algebraic curve of genus greater than 
unity can remain invariant under a continuous group of birational transforma- 
tions. Later Hurwitz { showed that no such curve could belong to any 
birational group of infinite order. 

The corresponding theory for surfaces is by no means complete. While 
those belonging to continuous groups have been determined, only a few isolated 


examples are known of surfaces having an infinite discontinuous group. § 
All the groups which have been discussed are illustrations of two principles, 
the first of which refers to quartic surfaces and will be considered in two parts, 


the latter including the former as a particular case ; the second principle is appli- 
cable to a much wider category. | propose to discuss these principles and apply 
the second to the determination of an extended family of new surfaces having an 
infinite group. 


* Presented to the Society February 27, 1909. 

t Ueber diejenigen algebraischen Gleichungen zwischen zwei verdnderliehen Grissen, welche eine 
Schaar rationaler eindeutig umkehrbarer Transformationen in sich zulassen, Crelle’s Journal, 
vol. 87 (1879), pp. 139-146. 

t Ueber diejenigen algebraischen Gebilde, welche eindeutige Transformationen in sich zulassen, 
Mathematische Annalen, vol. 32 (1888), pp. 290-308, reprinted from the Giéttinger 
Nachrichten of February 7, 1887. See also NOETHER, Mathematische Annalen, 
vol. 21 (1883). 

@ HUMBERT: Sur la décomposition des fonctions 4 en facteurs, Comptes Rendus, vol. 126, 
(1898), pp. 394-396 ; Sur les fonctions abéliennes singuliéres, ibid., pp. 508-510, and Liouville’s 
Journal, ser. 5, vol. 6 (1900), pp. 279-386, see page 372; PAINLEVE: Sur les surfaces qui 
admettent un groupe infini discontinu de transformations birationnelles, Comptes Rendus, vol. 126, 
(1898), pp. 512-514; HUTCHINSON: The Hessian of the cubic surface 1], Bulletin of the 
American Mathematical Society, vol. 6 (1900), pp. 328-337, and On some birational 
transformations of the Kummer surface into itself, ibid., vol. 7 (1901), pp. 211-217; FANo: Supra 
alcune superficie del 4° ordine rappresentabili sul piano doppio, Rendiconti del Istituto Lom- 
bardo, vol. 39 (1906), pp. 1071-1086. The first three of these articles are concerned with 
special forms of the Kummer surface ; the treatment is entirely transcendental. The next two 
treat the general Kummer surface and two others into which it can be transformed ; the treat- 
ment is partly transcendental and partly algebraic. The last one gives an outline of the theory 
of those quartic surfaces having a net of hyperelliptic curves ; the treatment is purely geometric. 


15 
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§1. Quartic surfaces that possess a net of hyperelliptic curves of genus two. 
a. The nodal inversion (N). 

1. The line joining any point A, on a quartic surface /’, to a conical point 
N of the surface will meet it again ina point B,. A (1, 1) correspondence 
exists between A,, B,, defining a non-linear birational transformation of order 
2 which will be indicated by (VV). If #’, has two conical points V,, NV,, these 
define two such transformations (.V,), (V,). Every plane section through 
N,N, will remain invariant under the group generated by (V,), (,). By 
taking VV, V, as the vertices (0,0,0,1),(0,0,1, 0) of the tetrahedron of 


reference the equation of a plane section may be written in the form 
av? (avi +bx,x,+ cx; ) + 2, 0,(a' x} + bx, 2,4 cx} ) +05 (av) + bx, 2,4+0¢"x2) = 0. 


The necessary and sufficient condition that the operations (V, ), (V,) are com- 
mutative is the vanishing of the determinant * 


a be 
(a) ape 
a’ 8" 


If now the binodal quartic be transformed into a cubic, the operations (J, ), 
(.V,) become ordinary quadric inversions with regard to the polar conics of two 
ordinary points of the curve. If we still call these points Bas V,, the geometric 
condition that (V,), (-V,) be commutative is that the tangents at V,, V, meet 
on the curve, i. e., that V,, .V, be conjugate points. In general, the question 
whether (.V,), (.V,) define a finite group is thus reduced to STEINER’s celebrated 
* Schliessungsproblem.” + 

In general, if (V,.V,)‘ =1, / must satisfy a certain relation which can be 
most easily expressed in terms of elliptic functions. Since any binodal quartic 
or non-singular cubic can be birationally derived from a space quartic curve of 
the first kind ¢,, the (2, 2) correspondente between the points in which the lines 
through .V,, .V, meet the curve again can be defined by means of the generators 
of a quadric surface passing through the quartic curve. The quartic curve may 


be defined by the equations 
v; = py’ ( u )> v, = py’ ( u ) i v, = py ( u ) ° x, = p- 


Four points corresponding to the values u,, u,, u,, u, of the parameter w will 
lie in the same plane if, and only if, 


in Qo. 2 
U+u,+u,+u,=9 (mod 2@,, 2,). 


*SturM : Die Lehre von den geometrischen Verwandtschaften, vol. 1 (1908), p. 267. 
tJ. STEINER: Geometrische Lehrsiitze, Crelle’s Journal, vol. 32 (1845), pp. 182-184. 
If the cycle is closed for one point, it will be for every point. 
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Given any two points wu and v onc,. Through the line joining them can be 
passed a quadric surface of the pencil having c, for basis curve. Ifu+v=c, 
then the parameters of the points on any generator of the second system must 


satisfy the relation vu -+v=—c. Starting with the point uw, we can obtain v 
by the equation w + v =c, then from v we can find w, on the other generator 
by v+u,=—c. Similarly u,+v,=c, ¥,+u,=—c, ete. If u,=u, by 


eliminating the intermediate terms we obtain the condition 


For an arbitrary /’, with two or more double points this condition will not be 
satisfied for any finite integer /, hence: 

Quartic surfaces having m(1<m=16) double points exist which are 
invariant under a noncontinuous group of birational transformations of 
infinite order. 

2. This result is interesting in view of KLeErn’s* question regarding opera- 
tions which leave the 16-nodal Kummer surface invariant. By means of properly 
chosen operations of the linear G,,, any (.V,) can be transformed into any other 
(N,). This gives rise to at least thirty-two operations. By duality we have 
at once 32 more. The question is whether the surface is invariant under any 
other than these 64 operations. This question was answered in the affirmative 
by HumBert+ by means of hyperelliptic theta functions. 

On applying condition (a) to the equation of the surface referred to a Gopel 
tetrad, this question can be answered in the affirmative immediately. Similarly, 
by making use of the invariants whose vanishing expresses that (JV, 1, ) is finite 
it is seen that the surface has an infinite group, as the condition for finiteness 
would impose a relation among the three essential constants of the surface. 
By means of the known G,, the generators of this group can now be easily 
determined. 

3. Another interesting case is furnished by the Weddle surface, the locus of 
the vertex of a quadric cone through six given points. Since this surface can 
be birationally transformed into the Kummer surface, it must have a G.,,. 
This group was shown by Baker to be defined by the six operations (V,).f 


* Ueber Konfigurationen, welche der Kummerschen Fliche zugleich ein- und umgeschrieben sind, 
Mathematische Annalen, vol. ~7 (1885), pp. 106-142. See p. 142. 

t Théorie générale des surfaces hyperelliptiques, Liouville’s Journal, ser. 4, vol. 9 (1893), 
pp. 29-170 and pp. 361-475. See page 466. 

¢ This same result can be obtained from the parameters belonging to two points collinear with 
Ni as given in HUMBERT’s third paper cited above, p. 470, but this fact is not there mentioned. 
BAKER: Elementary note on the Weddle quartic surface, Proceedings of the London Mathe- 
matical Society, ser. 2, vol. 1 (1903), pp. 247-261, gives an algebraic proof. A much more 
extensive discussion of the transformations of both surfaces is given by BAKER: An introduction 
to the theory of multiply periodic functions (1907) ; see pp. 69-82. 
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By the preceding principles this theorem can be obtained at once as follows. 
The equation of the surface may be written in the form 


a 
— r a 1 
~ 1 1 
1 
a, 
— gv a 1 
r, 2 2 
= 0, 
a 
e 
- 2 % 1 
3 
a 
— 2, a 1 
x 


4 i 

the six nodes being at the four vertices of the tetrahedron of reference and the 
two points (1,1, 1,1), («,, 4,, a,, a,). Ina plane containing any pair of 
nodes, as kx, = k,2,, the two points on x, = Oare (0,0, k,, k,), [0, k,(a,—a,) 
+k,(a,—a,), k,(a,—a,), k,(a,—a,)]. Similarly the two points on x, = 0 
are (0,0, k,, k,), [k,(a,-—a,) +4,(a,—a,),9, &,(a,—a,), k,(a,—a,)]. 
The necessary and sufficient condition that (V,), (V,) be commutative is that 
the point [%,(a,—a,)+h,(a,—a,), k,(4,—4,) + k,(a,—4,), k,(a,—-4,), 
k,(a,—a,)]| lie on the surface. By direct substitution we find that it does lie 
on the surface; similarly for the other pairs of nodes. 

4. Moreover the result can be obtained geometrically. Let c, be the space 
cubic curve passing through the six points .V,. It lies on the Weddle surface 
defined by these points. The quadric cone having its vertex at V, and passing 
through the five other points .V, contains c, and is the tangent cone at the 
conical point V, of the Weddle surface.* 

Any plane section through NV, .V, will contain the line V, NV, and a cubic curve 
passing through V,.V,. The tangent to the plane cubic at J, is the generator 
of the tangent cone at JV, lying in the given plane and not passing through J, . 
Similarly for V,. Since these generators meet on c,, it follows that V,, NV, are 
conjugate points with regard to every plane cubic section passing through them, 
hence (V,), (V,) are commutative. 

It is known that through any given plane quartic curve a Kummer surface 
can be passed, while all the plane sections of a Weddle surface are restricted, 
the relation among the constants being expressed by the equation 


A? 4+144B=0, 


wherein A is the cubic and Z& the sextic invariant of a quartic curve. 


* HIERHOLZER: Ueber Kegelschnitte im Raume, Mathematische Annalen, vol. 2 (1870), 
pp. 563-586. See page 582. 

{+ F. Morey and J. R. CONNER: Plane sections of a Weddle surface, American Journal of 
Mathematics, vol. 31 (1909), pp. ~63-270. 
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The preceding results furnish a new geometric interpretation of this important 
theorem for the case in which the plane passes through two conical points of the 
surface. 


$15. The Involutions (J). 


5. A quartic surface F’, of genus one (p, = p, =p =1) which contains one 
curve of genus 2 will contain a net of such curves, any two of which will meet 
in two points, forming a rational involution Z. (Fano, 1. c¢.) The curves of 
order 4 are plane sections, and the surface has a double point. These curves 
define the inversions (.V). In case the curves are of order 5 they are cut from 
F’, by a net of quadries, all having for residual the same twisted cubic. 

Given a curve c, of order six and genus 2 on F’,. It is then one of a net o,, 
defining an involution Z,. Each ¢, of o, will be cut in 0o' pairs of points of J,, 
forming the canonical g}. Through each c, pass o* cubic surfaces F’,. The 


) 


residual intersection will be another sextic c;,, also of genus 2, and belonging to 


a net o,, distinct from o, provided no /’, of the net can be found which touches 
F,, in every point of c,. The net o, will define an involution J, on F’,,. 

The co' lines determined by the pairs of points in g} on c, define a ruled eubie 
surface /?, whose double directrix is a quadrisecant of ¢,. The other points of 
intersection of each generator with /’, will belong to the canonical g} on the 
residual c,. The curves c,,c, have four points of intersection on the double 
directrix. Every line joining a pair of points in J, will also join a pair of 
points in Z,. The lines joining any point to its conjugate will therefore define 
a congruence of order 2, one of the lines joining a given point to its conjugate 
in J, and the other joining the same point to its conjugate in J,. Starting with 
any point on the surface we can first find its conjugate in J, by a birational 
transformation of order 2, then the conjugate of the latter as to J,, also a trans- 
formation of order 2. If a line of J, be given, there are two lines, one through 
each of the points of this line belonging to 7, which connect it with its conjugate 
in J,. Hence between the lines of /,, J, there is a (2, 2) correspondence, and 
the condition for periodicity is reduced to that of the preceding case.* 

The determination of these hyperelliptic curves by algebraic processes is in 
general a very difficult problem. 


§ 2. Systems of bitangents (T). 

6. Let a = ta,x7,= 0, b = 0 be the equations of a straight line, the coeffi- 
cients a,, b, being rational functions of two non-homogeneous parameters «, T. 
If the codrdinates of a fixed point y be substituted for «,, the number of roots 


in «, T defines the order of the congruence 7’, that is, the number of lines 


* FANO, 1. c., showed by a different method that the operation (J, J, ) is in general of infinite 
order. 
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belonging to the system which pass through the point. The locus of the point 
y for which two of the lines coincide is the focal surface of the congruence. 
Thus, except for particular cases, the line of a given congruence of any order 
which touches the focal surface /’ at a given point P can be rationally separated 
from the other lines passing through P by the process of partial elimination. 
We shall be concerned only with such congruences as have a single line 
(counted twice) passing through P on F, and lying in its tangent plane. The 
other lines of 7’ passing through P have one point of intersection with /’ at P.* 

Congruences of the first order can have no focal surface; for those of the 
second order there is no residual line, while in the case of cubic congruences 
points on the focal surface are characterized by one double and one single root 
in K, T. 

Every line of 7’ is a bitangent to 7’, the points of tangency being P,, P,. 
The operation of interchanging P,, 7, is a birational transformation of order 2 
which will be denoted by (7’). If #’ is the complete focal surface for more 
than one congruence, we have two or more operations of order 2, and their 
product will be in general of infinite order. The necessary and sufficient con- 
dition that the transformations (7), (7Z;,) be birational is that the two congru- 
ences 7), 7), be rationally separable. 

7. A number of important surfaces having this property can be obtained as 
the apparent contour of SEGRE’s cubic variety I in four dimensional space S, ,t 
quarties by projecting from a point on I’, and sexties by projecting from any 
point in S,. In particular, if [° contains a plane and can be generated by tri- 
linear systems, the contour will be the focal surface of at least two congruences, 
and the equations of the transformations (7), (7) can be determined. 


Let 


be the equation of a cubic variety containing the plane x 


20, 27,20. A 
space «,x,—,2,=0 passing through this plane will cut from I a quadric 
surface, one such quadrie passing through any point of I. 

The two systems of generators are rationally separable, being 


u, 2 u, u,k,—u,k, 
weal s — ‘Gok. 
Y, «,k,—-2, k, 2 


uk, —uU, k, ™, k, — x,k, 3 


* An example of congruences of another kind is furnished by a family of quadrics having one 
variable parameter, when the equations of the two systems of generators cannot be rationally 
separated. 

t Sulle varietd cubiche dello spazio a quattro dimensioni e su certi sistemi di rette e certe superficie 
dello spazio ordinario. Memorie di Torino, ser. 2, vol. 39 (1889), pp. 1-48. 
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the second one being defined by the pencil of spaces passing through the other 
plane u, = 0,7,=0o0nT. 

If now a plane be passed through any line 7, and a fixed point A, the section 
of I’ made by this plane will consist of 7, and a conic cutting 7, in two points 
P’, P”. The locus of the points P,, P, in which the lines AP’, AP” are cut 
by an S, not passing through A’ is the focal surface of the congruence 7), the 
points ?,, P, being the points of contact. If k =(c,,c¢,,---), and S, be de- 
fined by Le,7, = 0, the equations take the form 


u,—7,(u,k, — u,k, ) v,—7,(",k,—a,k,) kh,w,—kh,x, 
u,(¢) —7,[u(e)k,— u,(¢)k, | ~ €:—7,(¢,k, — ¢,k, ) ite ke, — k,¢, 


from which x,, for example, can be eliminated by means of 2 e,7, = 0.+-If 7, be 
eliminated, a cubic in k,: i, results, whose envelope is the focal surface.. 
If then we start with a point (z|, ---, #,) or a on I, the associated S, and 


” 


the line 7, are known and the points P’ =(2’), P” =(«”) are at once defined 


as the roots of a quadratic equation, one of which is known. The other root is 
expressed as a rational function of the given one, and the equations of (7) ) 
are determined. In the same way we determine (7’,). 

If the system 7) belongs to a linear complex, the points P,, P, are poles of 
the tangent planes at P,, P, respectively, so that (7,) may be regarded as the 
product of the two commutative operations, duality as to the surface and duality 
as to the complex. When 7, 7, both belong to linear complexes, the group 
generated by (7,), (7) may be finite. In particular, the necessary and suffi- 
cient condition that (7,), (7) are commutative is that the complexes to which 
T,, 7, belong are in involution. 

The lines of the congruence 7, can be arranged on a system of oo! quadric 
surfaces, the congruence 7’, being composed of the other system of generators of 
these quadries. Any line / of 7; will therefore determine two lines m,, m, of 
T,, so that a (2, 2) correspondence exists between 17, m. Thus the locus of 
P,, P, corresponding to the quadric defined by 7, m is a space curve c, of 
order 4 of the first kind. By the operations (7) ), (7),) the curve c, remains 
invariant, so that each quadric of the system goes into itself. The points P,, P, 
define a (2, 2) correspondence upon c,, hence the discussion of the periodicity of 
the operation (7) 7,) can be reduced to that of the preceding case.* 

When the focal surface is of order 6 the residual section made by any quadric 
of bitangents is another c, which is also the curve of contact of another quadrie. 
If the line P,P, cuts F, in Q,, Q, the operation of interchanging Q,, Q, is 
also birational, since only a single line of each congruence passes through Q, 
_ * For the literature concerning the (2, 2) correspondence on c,, seeO. STAUDE : Flachen zweiten 


Grades und ihre Systeme und Durchdringungskurven, Ency klopidie der mathematischen 
Wissenschaften, III C2., no. 123; in particular, footnote 513. 
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apart from the one (counted twice) which touches /, at Q,. All the theorems 
regarding periodicity can be applied immediately to this case also. 

8. An interesting illustration is furnished by the variety [ having ten nodes. 
The contour from any point on T° is the general Kummer surface. The six 
systems of bitangents belong to six linear complexes mutually in involution, hence 
the operations (7) generate the well-known G.,, first found by Klein. * 

The product of any two operations (7,), (7) is a linear transformation, 
and thus the linear group of order 16 is defined. Many of the properties of the 
Kummer surface and of its systems of bitangents can be deduced readily from 
this starting point. 

9. An illustration of a different kind, wherein the group generated by the 
(7,)( 7) is finite, is obtained from the variety 
(1) lr = 2,7,%, + Ax,2,2, = 9, ze, = 1, A+1, 
the center of projection being P=(1,1,1,—1,—1,—1). The details 
of this case will sufficiently illustrate the general procedure. The line of the 
system + I which passes through the point 2’ may be expressed by the equations 


eC, 


v +2 


, , , , 
r xr on on on on xn’ on 
l x 2 x; 33 cet bank 6°’3 ] 


x, + z. 2, + 2, 


, 
i 
4 


Solve these equations for «,, »,, #, in terms of / and substitute the results 
in (1). The equations of the conic and of the line may be written in the form 


(B) arson (aeh + a orang + oan, (a, + oh) ary + yer, (ry + oh) 2,0 = 0, 

(4) aha (a + ah), + aa (a + oh) + ora (a + or), =O. 
If now ~’ be taken on the first polar of I as to P, 

(5) H= 2,7, + 2,7, + 1,7, —A(x,u, + v4, + 2 %,) = 9, 


it will be one of the points of intersection of the line and the conic. Making 
(3), (4) simultaneous and making use of (2), we obtain the coordinates of x”, the 


second point of intersection. The results are 


—_ 


1 


xr 








F 
aa 
- 2. ‘ C= 


, 
” 


8 


* Zur Theorie der Liniencomplexe des ersten und zweiten Grades, Mathematische Annalen, 
vol. 2 (1870), pp. 201-226. 

+ For this notation and the discussion of this variety, see my paper: Surfaces derived from the 
cubic variety having nine double points in four dimensional space, these Transactions, vol. 10 
(1909), pp. 71-78. 
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Let the lines joining x to P be cut by the polar S, of P as to [ 
(7) *, + v. + vs + A(a, +? vs * v,) = 0. 


To distinguish between points x on IT and points on the S, defined by (7), 
coordinates in the latter will be denoted by y,. It is defined by 


(8) YY + Y2 + ¥,™= 0, Ys +Y,+¥Y= 0. 


From a point x on (a) we obtain the corresponding point in S, by means 
5 | 3 “3 


of the equations 
y, = %, + 2, — 2m, 
(9) Y, = 2, + 2, — 22,, 
Y, = %, + x, — 2x,, 
and the reciprocal relations, giving « when y is known, are 
w= 2y,M(y)—30(y), 7, = 2y,H(y) + 30 (y), 
(10) aw, = 2y,M(y)—30(y), 4%, = 24y,M(y) + 8P(y), 
a= 2y,H(y)—30(y), «= 2y,H(y) +30 (y). 


Now by means of equations (6), (9), (10) we can obtain the equations of the 
birational transformation in S,. The results are 


py, = —>A[2M(y) (Ys + Ye — 24%) + BP (y)(y; — 2y, — 2y,)], 
py, = — [2H(y)(Y¥5 + Ys¥s — 24sys) + 80 (y)(y, — 2y, — 2y;)]; 
py, = — [2H (y)(¥¥e + YsYs — 245Y6) + BV (y)(y, — 2y, — 2y,)] 
py, = 2H y)(Y Yo + Yo¥s — 2¥,Y3) — BU (y) (y, — 24, — 2y5)5 


py, = 2H (y) (YW, ¥3 + Y2¥3 — 2%, ¥2) — Bl (y)(y, — 2y, — 2y.), 


py, = 2H (y)(WY2+ Ys — 2%2Y3) — 80 (y) (Mm — 242 — 2ys), 
the equations of the surface being 
Y+%t+y;=9, Y¥,+9¥,+4Y, =9, 27(1—A)I*(y) + 4H*(y) =9. 


The transformation defined by (11) is not a Cremona transformation, being 
birational for points of the surface only. 

In the same manner we may obtain the systems (7), (7), defined by II, 
III, .--. If we use the notation (x,x,”,) to indicate the cyclic substitution 
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x, = px, ete., the results may be written in the form 


T= T,!,5 T= Tl, T,= T)1,, T= Tl, T,= T1115 
wherein 

1, =(Y1Y2Ys)(YsYoIs)3 4 = (Y2¥s)(YsYo)3 's = (Nn Y2)(YWsYs)- 
Moreover 

Tl, ‘aie l, 7; Tl, =1,7,, Tl, = 1,7, 

from which it follows that 7,, ---, 7, generate a group of order 36 which contains 
a linear subgroup of order 18. The surface is also invariant under the odd 
substitutions ¢ = (y,y,) ete., making another linear group of order 18. The 
operations (7,) combine with these in the same manner as with the preceding, 
making a total group of order 72. 

10. From any point P, on F, can be drawn just one line of I touching F, at 
P,. Let P, be the second point of contact of this line. Similarly, the line 
P,P, belongs to IV and touches /, at P, and at P,. The line P, P, belongs 
to I. Since (7, 7,)* =1 it follows that P,P, belongs to IV and has its points 
of contact at P, and at P,. The vertices P,, P,, P,, P, define a tetrahedron 
inscribed in F’, and the planes P,P, P,, ete. are all tangent planes. The 
transformation (7, 7',) transforms P, into P, and P, into P,; it is the axial 
involution 7,. We have the following theorem : 

There are nine systems of «°* tetrahedra which are inscribed in and circum- 
scribed about F’,. Two opposite edges of the tetrahedra of each system always 
meet two fixed lines. 

11. When the line o touches the residual conic, section of [, P, = P, and 
the corresponding line in S, has four coincident points in common with F,. 
The locus of the point of contact in I is a curve defined as the intersection of 
I(x) with H7(a) and the variety defined by the equation 


is an ileal a a (x, + x,)! (x, + x,)* (x, + #,)° 
ed a Tad tad tad ta sr or a + Zn? + a gx 
ee, v5 ©, 


Re 


—2(r +2. 2 (x 2 Yin to ¥ a a _ 1%, Ret, 
( iF ) (%,+2,) (#5 +5) te +2, + (a, +2,)°* (a, | 


By means of equations (6), (9), (10) the equations of the curve in S, can be 
obtained. Let C, denote the curve at the points of which the lines of I have 
four point contact. From any point P, of this curve draw the line of IV. 
From the preceding theorem the second point of contact must also lie on C,. 
The ruled surfaces belonging to IV, V, VI which have C, for directrix curve 
are such that every generator of each is a bisecant of the curve. If the line of 
II touching /’, at P, also touches it at P’, and the line P’ P” belongs to I, then 
P’ is a point of C,. The six curves C, are birationally equivalent. 


CORNELL UNIVERSITY, 
February, 1909. 








PROPER MULTIPLE INTEGRALS OVER ITERABLE FIELDS 


BY 
ERNEST B. LYTLE* 
Introduction. 


The theory of multiple integrals has generally been confined to functions 
having metric (defined later in § 1) domains of definition. In his book + and in 
an article on Improper Multiple Integralst Prerront has given a definition 
of integrals applicable to non-metric domains. 

Using this Prerpont definition of an integral I have found a new class of 
fields for which the fundamental relation 


[ref [ref frefy 


holds. This general class of fields, which I have called iterable, includes all 
metric fields and a large class of non-metric fields. 

For simplicity the results are stated throughout the paper for functions of 
two independent variables; but the method of treatment is general and the 
extension to the case of any number of independent variables is thought to be 
obvious. The notation used by PrerPont has been followed, and the reader is 
referred for further explanation to his Lectures. 


$1. Preliminary definitions. 
Let % = {x, y} be a two-dimensional point aggregate lying within a square. 


Effect a rectangular division of the plane of norm 6. Let 


S. 8, &, «-: 
be those rectangles containing at least one point of 9. Let 


7 ee 


denote those rectangles all of whose points belong to %. Then 


lim >8' = 9 
6=0 


* Presented to the Society (New York), April 25, 1908. 

t Lectures on the Theory of Functions of Real Variables, vol. 1 (1905). I shall refer to this as 
Lectures. 

t These Transactions, vol. 7 (1906). Referred to later under the title Improper Integrals. 
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is defined to be the outer (upper) content of Y, and 

lim 28"’ = 

6=0 7 
is the inner (lower) content of 2%. It has been shown (Lectures, p. 513) that 
these limits always exist and are finite. When 


M = 


their common value is called the content of AX, and Y% is said to be a metric 
aggregate. 

Let % = {x, y} be a limited point aggregate. Let f(x, y) be a limited 
single-valued function defined over 2. Effect a rectangular division D of the 
plane of norm 8. Let 

8, 8, 5, lies. 
be those rectangles of D which contain points of &%. Let M,, m, be the 
maximum and minimum respectively of f(x, y) in the rectangle 6°. Put 


(1) Sp==M 8, Sp = rms. 
Then _ 
(2) lim Sp = [ys 
is defined to be the outer upper integral of f(x, y) over the field 4, and 
(3) lim Sp; = [s 
6=0 em 


is the outer lower integral of f(x,y) over AX. These limits always exist and 
are finite. (See Lectures, p. 510.) 
When the integrals (2) and (3) are equal we denote their common value by 


(4) fr 


and say that f is integrable over X. 
It is important to note that the relations 


(5) [r= min } [r= max Sp 
vn J % 


which hold for Riemann integrals are not always true for outer integrals. 
(See Lectures, p. 508.) 

Let Xf be a limited plane point set. Let © be the points of Xf lying on a 
line parallel to the y-axis. Let % be the projection of 2{ on the x-axis. Then 
when 


(6) [c= 


we define 2 to be iterable relatively to x. 
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If C is a linear section of YX parallel to the x-axis and B is the projection 
of 9 on the y-axis, then when 
(7) | CU =Y% 

aos ~“B 
WY is iterable relatively to y. 

The following examples show that both iterable and non-iterable aggregates 
exist. 

EXAMPLE 1. Let &% = {x,y} where x takes the rational values in a unit 
interval and y takes all real values in a unit interval. Then Y is non-metric, for 
P| = 0 $ a te 

But 9 is iterable relative to both # and y, for 
{c= | C1 = WH. 
73 ~“B 

Example 2. Let 9 = {x,y} be the points of a unit square, specified for 
rational x by 0 = y = $, and for irrational x by} =y=1. Here Y is non-metrie, 
for 


Y=0, W=1. 


Also 9 is iterable relatively to y, for 


C=1=4%, 


B 


but not iterable relatively to ~, for 


[S=s4%. 


By similar methods fields may readily be constructed which are iterable neither 
relatively to x nor relatively to y. 
Let 
A= A, + A,, 
and for each x let 
€=6,=6,. 
Then we say that %, and %, are thoroughly mixed partials of 2. 
The notation 2{ = B-€ is used to specify that B is the projection of 2 on the 
x-axis and © is a linear section of % parallel to the y-axis. 


§ 2. Properties of iterable fields. 


THEeoREM 1. Luvery metric aggregate is iterable relatively to both x and y. 
It has been shown (see Lectures, p. 538) that, for a function f(2, y) limited 
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in the metric field 2, 


[r- faf fdx = fumes i 


In these relations put f(#, y) = 1 and they become 


i= fos (7=4, H= (E= [E=%. 
vB /R vs J 
[E=[ C=4, 
J» JB 


that is, Yt is iterable relatively to « and relatively to y. 
Lemma. Let Y be iterable relatively tow. Thenif =a Bis a cell of 


any rectangular division D, we have 


Hence 


lim 2 (228) = lim =(alim Tf). 
s=0 a=0 p=0 
For each x the inequality 
lim =f = 
p=0 
will hold. Hence 
Y(alim TB) = Y(alB) = Zs. 
B=vU 


But 
lim > (a lim 28) = year r(a _ 28)= fé Cc, 
B= 


6=0 B=0 =0 


lim 58 = 9 


6=0 


f C=A, 
and our theorem follows. 
This lemma enables us to evaluate an iterated limit by a simpler single limit. 
A similar lemma is true for a field iterable relatively to y. 
THEOREM 2. very partial unmixed aggregate of an iterable aggregate is 


Since 9 is iterable relatively to «x 


iterable. 
Let 
A= A + A,, 


where 2 is iterable and YM, and %, are unmixed.* 


* See Lectures, 4 711, p. 519. 
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Then for each x 
C=C¢6,+6¢,, 
and for every «-interval 


min © = min ©, + max G,. 


Hence by integration over B, 


Hence 


(1) 


and since Y{, and %, are unmixed 


Y= HA, + %,. 
Therefore by (1) 


y +[E,=%,+%, 


6,=0, 
hence 
(2) 
Similarly 
(3) 


from which follows 
(4) 


By (2) and (4), 2, and 2%, are each iterable. 
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Corotuary. Jf a discrete aggregate be subtracted from an iterable aggre- 
gate, then the remaining aggregate is iterable. 
Let 
Y= A, + A, 
where % is iterable and %, is discrete. Since %, is discrete Mf, and %, are 
unmixed. Therefore 2%, is iterable by the preceding theorem. 


$3. Proper Integrals. 


A proper integral is one in which both the function and its field of integra- 


tion are limited. 
TuHeoreM 3.* Let f(x, y) = 0 be limited over the limited field UX. Then 


J Lr Sr 


If the sign of f is changed, the theorem is converted into the following: 
TuHeorEeM 4. Let f(x, 7) = 0 be limited over the limited field NX. Then 


i) f= { Jy 


TuroreM 5. Let f(x,y) and g(x, y) each be limited over the limited 
field U. Let them be equal except at a discrete set of poinis. Then 


(a) [s= [o. 
g Sly-L Lo 


Let A = A, + A,, where Y%, is diserete. Let f=g over A,. Let D bea 
rectangular division of the plane of norm 6= 2-8. Let 
bis Bios 8135 afi 


be those rectangles which contain no points of Y,. Let 


a or | 


219 2339 *** 


contain points of 9,. Then 
2M, 6, _ =M,6,; + =M,,6,;5 
=; 6, = 2,5; + =N,,5,;5 


* Restated for later use. For proof see RICHARDSON, these Transactions, vol. 9 (1908), 
p. 347. 
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where MV. and JN, are the maxima of f and g respectively in 6,. Subtracting 
we get 


2M; 8, i zN; 8, = =M,, 8, nd =N,, 8,55 


since I, = N,,. On passing to the limit as 6 = 0, this becomes 


ae 


for each limit in the second member is zero because Y, is discrete and both 7 
and g are limited. This gives our relation (@). 
From (a) and theorem 10 below it follows that 


Jo-S? 


at all points of B except a discrete set. Relation (4) then follows by applica- 
tion of relation (a) to the set B. 

THEOREM 6. Let f(x, y) be limited over a limited field U and negative 
only at a discrete set of points A. Then 


f frafr 


Let g(x, y) = f(x, y) at all points of % except at A whereg=0. Then 
g = 9, and by theorem 3 
[ fo=fo. 
But by the preceding theorem . 


fonder Son 
ug a e/F ty Bal 6 
and substituting these in the above relation we have our theorem. 


THEOREM 7. Let f(x,y) be limited over a limited field NX and positive 
only at a discrete set of points. Then 


THeorEM 8. Let f(x,y) be limited over the limited field UX = XA, + U,. 
For each x let C=6,=,. Let f=0 over X, and f=0 over A,. Then 


o fra feel hrale 


This inequality will appear frequently in the succeeding pages and we shall 
refer to it as relation (A). 
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Since © = ©, = G,, the positive and negative values of the function are each 
everywhere dense in 2%. Hence every rectangle containing a point of % also 
contains a point of Y,, and 


J J =lim =, M6, =lim =, 8, = fr 


fr-fe 


But the projections of 2 and YY, on the x-axis are equal, hence 


[Sr Lz 


Since f= 0 over Y,, we have by theorem 3, 


SL Se 


and the equals of both members give 


In the same way, using theorem 4 and Y,, we get 


But we always have 


(3) [frsf fr 


Combining (1), (2) and (3) we get relation (4), which was to be proved. 
Examples of thoroughly mixed sets 9, and 2, are well known ; for example, 
in 2, let x be real and y be rational, and in %, let x be real and y be irrational. 
THeoreM 9. Let f(x, y) be limited over the limited iterable field Y. 
Then the existence of the multiple integral f. J and the iterated integral SSF 
is sufficient for their equality. 
Let |f|=F. Then f+ F =0, and by theorem 3 


[f+nsfusn. 





Similarly for each x we have 
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But 


JSt+ ak 7 i fore “7 =f fir F) = [ut F) 


= | s+ Fi= | f+ FG. 


Hence 


(1) [fra fr+ 78-8), 


Since f— F' = 0, we get in a similar way by theorem 4, 


and therefore 


(2) ” F(i- {@) +frseffr. 


But since Y is iterable 
TT = f € = 0 ’ 


and this with (1) and (2) gives 
fi f fe 


We observe in this connection that the mere existence of the multiple and the 
iterated integrals is not sufficient in general for their equality.* The theorem 
just cited may not be true when the field is not iterable and the function limited, 
as is shown by the following example. 

ExamMPLe 3. Let f(x, y) = 1 over the field 9 = {x, y} where for rational 


x, 09 =y=} and for irrational x, }=y=1. Then 


That is, both integrals exist but are unequal. 
TuHeoreM 10. Let X= B-C be discrete. Then the points B, at which 
€ =o, where o denotes an arbitrary small positive number, form a discrete set.t 
TueoreM 11. Let f(#, y)=9 be limited over the limited field YX. 


*Bulletin of the American Mathematical Society, November, 1906, p. 61. 

tCf. SCHONFLIES: Die Entwickelung der Lehre von den Punktmannigfaltigkeiten, Jahres- 
bericht der deutschen Mathematiker-Vereinigung, vol. 8 (1900), p. 96. 

Trans. Am, Math. Soc. 3 
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Let fE=U. Then 


(A) fre ffreffrefy 
By theorem 3 we have an ne 
a) J reS4 


But f — #’= 0, hence by theorem 4 and Lectures, p. 535, we have 


And since by hypothesis {= fé , this gives 


(2) [rs J Js 


Relation (A ) then follows from (1) and (2). 
THEOREM 12. Let f(x, y) =0 be limited over the limited field A. Let 
fc =H. Then 


(d) freffreffrefr 


THEOREM 18. Let f/ +, y) be limited over the limited field U. Let © be 
an integrable functicn of « and let C be any constant. Then 


(e) fous C) - [r+ CY. 


(f) ffs oy=f [r+ C . 


Relation (e) follows as an application of a corollary of RicHaRDsoN’s.* 
By an application of relation (e) we get relation (f/), thus 


fforo-f[ frr cé | by (e) 
=f fr+efe 


by hypothesis and Richardson’s corollary. 


* These Transactions, vol. 9 (1908), p. 350. 
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We may obtain similar relations for lower integrals. 


TuHeorem 14. Let f(x, y) be limited over the limited field U which is 
iterable relatively tox. Then 


Since f+ F’= 0, by theorem 3 


ffuens form. 
By theorem 13 we have 


f fours P) =f [r+ Fé 


J (r+ F) =| s+ FY. 


Therefore 


(1) [ Sr=fr+(@- fo), 


Again, since f— #’ = 0, by theorem 4 


J (f-F) =f f (f-F). 


But by relations for lower integrals similar to those of theorem 13 


Therefore 


(2) ~F(i- fF) +. ref fr 


But % being iterable, we have 


(3) i fF = 0. 


Therefore relation (A) follows at once from (1), (2) and (3). 


Relation (A) may be written 


(7) f fay = f dr f ‘fay = | dx f. fay = f far. 
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If the field 9 is iterable relatively to y, we obtain in a similar way 


(2) [7axs [ody { fae dy { fe =f fan. 


Coroutiary 1. Let f(x, y) be integrable over any limited field which is 
iterable relatively to both x and y. Let f also be integrable over any section 


of UX parallel to either axis. Then 


f par os | dw { fily -{ dy { file 


This follows at once by putting 


| fa = | fay = J far 











in relations (gy) and () above. It gives a very general condition for inversion 
in iterated integrals. 
In conclusion, it may be shown that the equality 


(ff hr 
is not sufficient for the existence of 


SS 


For consider the following example. Let Y={x,y},where0=2 = p/q=1; 
0=y=1/q. For rational y let f(x, y)=+1 and for irrational y let 
S(v,y)=—1. Then is discrete and / is limited, hence 


Sof fi i~- 0 
[r--7 hrwad 


for each w in B. Therefore 
Jy 


does not exist at any point in B and 


Sly 


by theorem 14. But 


cannot then exist. 


THE UNIVERSITY OF ILLINOIS. 





ON A CLASS OF HYPERFUCHSIAN FUNCTIONS* 


BY 
CLYDE FIRMAN CRAIG 


Introduction. 


As a generalization of the fuchsian functions, PicarD introduced the hyper- 
fuchsian. These he defined + as uniform functions of two independent complex 
variables which are absolutely invariant for an infinite discontinuous group of 
linear fractional transformations on the variables. Moreover the group, when 
expressed in its homogeneous form, is such as to leave an indefinite Hermitian 
form invariant. 

In a series of memoirs$ PicarD has established the existence and general 
theory of such functions. Ina particular example he uses as variables the ratios 
of the values of the integral 


fle —1)(z-—2)(z-—y)] dz 


taken along three independent contours in the associated Riemann surface, and 
generates the group by the motions of the two branch-points x and y. Follow- 
ing and extending PicaRp’s study of this particular group, ALEzAIs § has con- 
sidered the Riemann surface 


w= (2—a)(2— B)(2—7)(2—8) 


and the values of the moduli of periodicity of a set of associated linearly inde- 
pendent integrals of the first kind along a properly chosen system of cross-cuts 
on the surface. The group is generated by the monodromy of the four branch- 
points a2, 8, 7, 6, and contains PicarD’s group as a subgroup. Considering 
the PicarD group to be of special interest, ALEZAIS studies it in some detail and 


* Presented to the Society, December 31, 1908. 

tActa Mathematica, vol. 5 (1885), p. 121. See also R. ALEZAIS, Sur une classe de fonc- 
tions hyperfuchsiennes, etc., Paris (1901), p. 1. This thesis contains (p. 3) a complete bibliography 
of Picard’s papers on the problem. An abridgment of the thesis under the same title is in 
the Annales de 1’Ecole Normale Supérieure, (3) vol. 19 (1902), p. 261. 

tActa Mathematica, vol. 2 (1882), p. 1, and vol. 5 (1885), p. 21; also several notes 
in Comptes Rendus, 1882-1885. 

§ Loc. cit. 
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constructs quotients of the products of theta-functions of half-integer character- 





istics and zero arguments as hyperfuchsian functions belonging to the group. 
The only other binomial Riemann surface of genus 3 having five branch-points 
may be written 


wi = (z—a)(z—b)(z—c)(z—d)(z—ey’. 


The present paper determines the monodromy group of this surface and a set of 
hyperfuchsian functions belonging to its group. The fourth section contains an 
extension of a known result on the number of linearly independent moduli of 
an abelian integral of the first kind connected with a binomial Riemann surface. 
In the final section an upper limit is fixed for the number of generators of 
monodromy groups connected with binomial Riemann surfaces, and a method is 
given for picking out a set of transformations from which the generators may be 
determined. 


o 


$1. The monodromy group. 


Consider the Riemann surface of genus 3, 
i, am fe \f- \2/ - »\2 

(1) wi=(z—a)(z—b)(z2—c) (2 —d)?(z—e)’, 
where a, b, c, d, e may be assumed finite. We will denote the different values 
of w corresponding to the same value of z by w,, w,, w,, w,, and will assign 
the branch w,, to sheet m of the surface. The several values of w will be con- 
nected by the relation w, = i"~'w,. , 

A set of linearly independent integrals of the first kind is selected as-follows: 


dz dz 
w= fo w= [(@—e)(2— a2 0) 


d 
n= fe z —c)(z—d)(z—e) . 


The branch-lines and cross-cuts for the surface are chosen as indicated in Fig. 1. 


(2) 


Sheet 1 
ae — 


ee 





Fia. 1. 
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Denoting the results of integrating uw, along the paths a, b. by A’, B’ 


respectively, the table of moduli of periodicity of the integrals (2) is 


a, a, as b, b, b 


iA” — BO {BO | AM AM —iAP 


l 


~iA? — BE —iBe| Ao 


l 


—iA®? —B® —iBo | AC 


1 i 


(3) 


subject to the conditions 
iA’) A® — AP BY 4+ AD B? 
iA’)? A® — A® BY 4+ Al BS 
The normal table of moduli assumes the form 
b, b, 


mi(i) mi(—u) 


(3’) 


where 
A © , ' A ’ ‘ 
Bye Y= Bw 


“i= 


Denote by a‘, the real part of the element of this table which represents the 
modulus of periodicity of the integral v, at the cut b,. If r,, 7, are integers, 
then * >°,,a.,7,7,, must be negative ; this condition will be satisfied if + 


(4) uu —i(v—t)<9, 


wherein %, 0, are the conjugates of w, v. 

We now define the group G which we desire to investigate as the totality of 
linear fractional transformations on the variables uw, v due to the monodromy 
of the branch-points of the given surface (1). The branch-points are supposed 
to move continuously over the plane in such a way that at the end of the move- 
ment they occupy as a whole their original positions and the Riemann surface 
has returned to its original form. Since u = A‘?/BY, v = A/B), and 
A", AQ’, BY are the values of the integral w, along the paths a,, a,, b, respec- 
tively, in determining the transformation on uw, v due to any movement of the 


* STAHL, Abelsche Funktionen, p. 122 (XV). 
t KRAZER, Thetafunktionen, p. 17 (XVII). 
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branch-points, it will be necessary merely to investigate the value of wu, along 
the paths a|, a), 6,;, which will denote the paths into which a,, a,, b, have 
been changed. For brevity write 


(5) “= A®, y= A”, z= BY, 


The values of uw, along the new paths will be denoted by a’, y’, z’ respectively, 
and the variables w, v will have been transformed into the variables wu’, v', where 


, 


\j< 
° 


i= 


xv 

“T's v 
2 

z 


x 


By a positive interchange of two branch-points we shall mean that the posi- 
tions are interchanged in such a manner that the line joining the two shall have 
been rotated counter-clockwise about its middle point. When necessary the 
actual paths of the points interchanged are supposed to vary from the circle 
described by the end points of the joining line sufficiently to prevent any third 
point being enclosed in the completed path of the two points. A point will be 
said to move around another point positively when the enclosed area is to the 
left of the moving point ; this area will be assumed to enclose but a single branch- 
point unless the contrary is stated. Denote by («A) the transformation on the 
variables arising from a positive interchange of the two points « and A. This 
same notation will be used to denote the motion of « positively around 2 if « 
and X cannot be interchanged under the above restrictions on the movement 
of the branch-points. 

By interchanging the branch-points a and b positively, it is readily found that 
a, y, z undergo the transformation 


C= 72, Y¥=Y; 22% 
whence 
. u , w 
(ab) ies leat t 


the coefficients being so written that their determinant is unity. Similarly we 


obtain 

(cd) usu, v=v—l1, 

(de) va, va, 

v+1 o+1 

—_ m—epti+ti , (—1+i)u+w4l1-i 
(ae) “= — : ; v= ; . 


i i 


Every other monodromy of the branch-points which leaves the surface unal- 
tered may be considered as a combination of the above four taken in proper 
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order, and consequently the transformation arising from such a monodromy 
may be expressed in terms of the above four. To show this we may proceed as 
follows, distinguishing two cases, namely, when a single pair of branch-points is 
moved, and when more than two are moved. 

Under the first case we have operations such as interchanging c and e, or 
moving 6 around d. To produce the motion of } around d, for instance, we 
may perform in succession (ab)~', (de), (ae), (de)-', (ab); or (de), (ab), 
(ae), (ab), (de)-'. Thus for our transformation on the variables we have 


(bd ) = (ab)-'(de)(ae)(de)-' (ab) = (de) (ab)~'(ae)(ab)(de)-", 


where the transformations on the variables are applied from right to left as 
written. The last written equality may be easily verified; for (ab) and (de) 
are commutative, as are their powers, since the corresponding motions on the 
surface may be performed simultaneously without interference. Suppose now 
that one of the branch-points, say a, performs any circuit whatsoever and either 
returns to its original position or makes the possible interchange with the 
branch-point 6. We may resolve its path (by proper deformation) into a series 
of circuits around the remaining branch-points singly, together with the possible 
interchange at the end. Since each of these circuits about the single branch- 
points and the interchange are severally expressible in terms of the four funda- 
mental motions, it follows that the transformation due to the motion of a is 
expressible in terms of the four fundamental transformations. So with each of 
the other points 6, c, d, e. 

In case two or more branch-points move at the same time, no difficulty will 
arise if the paths do not intersect. For the paths are traversed independently 
and the movement giving rise to one path may be considered as having been 
completed before any other branch-point begins to move. The above argument 
shows that the transformation arising from these several motions can be expressed 
in terms of the four fundamental ones. If the paths of the moving points do 
intersect, we must specify the order in which two or more branch-points pass 
through a given point of intersection. For two branch-points must not coincide, 
and moreover the order specified must be compatible with the geometric possi- 
bilities of the surface. When this order is established the portions of the paths 
between the points of intersection may be considered as new paths of the form 
treated above. At the points of intersection we have simply an interchange of 
two points or one point moving around another. Since any such motion can 
now be resolved into the four fundamental ones, each taken the proper number 
of times and in the proper order, it follows that the transformation arising from 
any monodromy of the branch-points can be expressed in terms of (ab), (cd), 
(de), (ae). 
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These four fundamental transformations are expressible in terms of the two, 


1 1—j 0 1 0 0 
(6) Ami1l—i —1-—i —1, Ba 01 —l1i, 
0 1 0 0 0 1 


the determinant of the coefficients only being written. The expressions are 
(ab) = BA’ B" A’ BA, 
(ed) = B, 
(de) = A“ BA, 
(ae) = A-*B' A-* B'. 


Moreover A is a transformation of the given group, since 


A =(ae)(ed)(de)(ab)-'(ed). 


I 


Since B is non-periodic, the theorem follows : 
The monodromy group G connected with the Riemann surface (1) is of infi- 
nite order and is generated by the two operators, A and B, defined by (6). 


The quadratic form ui —i(v —@) is a relative invariant for the group G. 


$2. The arithmetic form of the group. 


Since the coefficients of the generating transformations of G are complex 
integers, that is, are of the form m + ni, where m and n are integers, it follows 
that every transformation of G has complex integers for coefficients. We wish 
to characterize further these coefficients. 

For this purpose write the general transformation of G in the form 


, autbuyt+e, 


, autbete, 
A b ] 


(i)u= ‘ v 


A 
where the coefficients are complex integers with determinant unity. Since the 
monodromy group leaves ¢=i(v—%)— wi relatively invariant, the trans- 
formed form ¢’ will be connected with the original by the relation 


_¢ 
AQ’ 


A=a,u+ bv +¢,, 


$' 
where A is the conjugate of A. In order that this relation may subsist the 
coefficients in (7) must satisfy the conditions 

a,a,—i(a,a,—d,a,)=1, a,b, —i(a,b, —a,b,) = 9, 


(8) bd, — i(b,b, — 6,6,) =9, ae, — i(a,t,—a,¢,)=90, 


c,@, — i(¢,¢, — ¢,¢,) = 9, b,é, — i(b,¢, — b,¢,) = —i. 
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Using the relations (8) to solve (7), we obtain 


U - , - , - 
=d,uU— 14,0 + i, 


1 Pe om 
A =— ib, 1 b, ut b, =A’, 


which give the inverse of transformation (7). On account of the relative in- 


variance of ¢’, the coefficients of (7) must satisfy the relations 
a, a, + i(b,é, —_ be, )= 1, aa, + il b,t,— b,c, )=0, 


(8’) a,d, + i(b,é,—b,c,) =9, a, a, + i(b,é, —b,¢,) = 9, 


a, a, a i(b, ; a b.¢, )= 9, a,d, ? i(b,¢, om b, C,) 


Denote by A,, --- the minors of @,, -- - in the determinant of (7); solve (7) 
for u/A, v/A, 1/A, and we obtain 


Wu 
~= Au +A,v +A,, 


Comparing this form of the inverse transformation with (7’), we obtain the 


relations 


= b,c, —b,¢, = A, h, = i(a,b, — a,b,) =iC,, 
— i(b,c,—b,c,) = —iA,, b, = a,b, — a,b, =C,, 
— i(b,c, — b,c,) =iA,, b, = a,b, — a,b, = —C,, 
t, = i(a,c,—a,c,) = —iB,, 
(9) c¢,= 4,¢,—a,¢, = — B,, 
C, = a,c, — a,¢, = B,. 


These relations may be solved for a,, a,, a, (or @,, 5,, ¢,) in terms of the other 
elements, which will be connected by three bilinear relations taken from (8’) 


[or (8)]. 


SEN eeacitil ten akties aultha at 
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Since (a,@, — @,a,) and similar expressions are divisible by 2, from (8) and 
(8) it follows that 


a,a,= 1, a,a,= 9, a,a,= 9, bb, = 0, c,¢,=0 (mod 2), 


from which 
a, = 2m +1 + 2ni or 2m +(2n+1)i, 


a,=09, a,=0, b,=0, c,=90 [mod(1 +i)]. 


From the relation b, = a,b, — a,b, it follows that 
b, —a,b,=90 (mod 2). 


If a,=2m+1+42ni, this congruence gives b,—b,=0 (mod2). If 


7 


a, = 2m + (2n + 1)i, the above congruence becomes 
b,—ib,=0 (mod 2). 
If we write b, = b) + ib;’, this congruence becomes 
(1—i)(6,+ 67)=0 (mod 2), 
whence b; and 6,’ are of the same parity, and therefore 6, = 0 [mod (1 +7) ]}. 
A similar argument applied to the other relations (9) yields the conditions 
b,=0, c, =0, c,=0 [mod(1+7)]. 
Consequently 6,c,— b,c, =0(mod 2). But @, = b,c, — b,c, = 0 (mod 2), 
which violates the assumption 
a, = 2m + (2n+1)i, 
and hence this value of a, is impossible. We accordingly have 
a,=1 (mod2). 
Therefore a, = 1 + 2m + 2ni, and by (8) and (9), 
b,c, — b,c, =1, b,é,—b,c,=1 (mod 2). 


The residues of complex integers (mod 2) are 0,1,i,1-+%. The two above 
congruences reduce the possible combinations of residues of b,, b,, ¢,, ¢, to 48. 
Using these 48 possible residues in connection with the equations (9), we are 
led to 192 transformations which are incongruent modulo 2. 

By using the relations (9) the periods of the transformations of G may be 
readily determined. The characteristic equation for the general transformation 
of the group is 


a,—p b, C, 


a, b, —- Pp ce. = 0, 


? 


a b, C;— Pp 


3 
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or, by (9), 
p>’ —dp?+dp—1 = 0, d=a,+b,+¢,=a+ bi, 
a and b being integers. If the transformation is periodic, all the roots of the 


characteristic equation must be roots of unity, and conversely. Hence |d|= 35. 
Let p = (1 + it)/(1 — it), and the characteristic equation becomes 


(l+a)@+b?+(a—3)t+b=0. 


If the roots of this equation are real, those of the characteristic equation are 
roots of unity, and conversely. The roots of this equation will be real if 


G?4+4H°=0, 
where 
G = 3, (9a°b + 36ab + 27) + b*), 
8(a+1)(a—3) —B? 


HH = 9 


The possible values of d for which this equation is satisfied are —1,0,1, 
—1+2i,2,+i,—1+i,3. Construct the corresponding equation in p and 
factor ; the periods follow immediately. With the notation 


mi ni ni 
=e*, t=e?’, joe 
the tabulated results are: 
+i 
i, Jj —j, 
—i, ij, —¥ 


Period | Q : 4, 2 8 


? - i } fe 
f 7 +6 


For d = —1, — 1+ 2i all second order minors of the determinant of the char- 
acteristic equation must vanish for the double root if the period is finite. For 
all values of d other than the above the substitution is non-periodic.* 


* The group G, considered as abstract, is apparently characterized by only the conditions of 
this section. The problem arises: Is G the maximum group which satisfies these conditions ? 
The question is as yet unanswered ; but there is good reason to believe that G is the maximum 
group. If we transform G into a group G’ by means of 


—i 1 1 
-—1 
0 


then the coefficients of each linear transformation in G’ will be complex integers with determi- 
nant 1. Moreover the invariant locus for the new group is the hypersphere ui + vv —1. The 
group G’ is apparently the maximum group of substitutions having these restrictions, and would 
accordingly be the simplest analogue, in the case of two variables, to the modular group of linear 
transformations on a single complex variable. 


bt arian Bagnt 


1 NRA pe Mae, 
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§3. The hyperfuchsian functions. 


Using the general transformation of the group G in its homogeneous form 


x 


a,x + by + C4, 
(1") y' = 4,0 + Bey + C2, 


z’ = a,2 + by + ¢,2, 
we see that corresponding to this linear transformation on the variables, the 
elements of the table of moduli (3) undergo a linear transformation. The cor- 
responding transformation on the allied theta series requires the determination 
of a set of integral coefficients a,., 8,., 7,.5 5,, which satisfy the identities 

; 3 

— z,” —_ > ( — a, BY + B,, A), 
a= 


3 


A’ => (- Yep Be? + 8, AW), 


wherein A’, etc., have the meanings assigned in § 1, and A’”’ is the value of 
A‘ after transformation. Replacing A‘, A”’’, etc., in the above identities by 


wer 


their values given by (5) and (7”), the theta transformation is given by 


Ay Bio Ais B,, Rs B., 

ar Ao9 Aon B,, B . B 
a By — Ayo a — B,, B,. 
on B,, ans 23 Ayo A —_ Bs B 

Yai V22 Yes 8, 6,, 


r) 
sir 8, =e V3 | Tn 8. é,. 


wherein the coefficients are subject to certain well-known bilinear relations, and 
are connected with the coefficients of (7”) by means of the relations 


= a, — Bi,,, b, _ — B,,— i8,,; C= 23 + Up, 
(10) “= 8, + Yo ’ b, = 6, — i6,,, oo Te + Ug: 
a,= —B,, — i4,, b, = — By, — iB, Cy = Aq — 145. 


The bilinear relations mentioned above, when taken by columns, reduce to the 


following : 
a+ 2a,, 8, i Bi, = 28,, yee 1, 


= 4,85 + 41,8, + Ay» 6, + Boe 8, 7 Boo Veg asa B,, Yo23 = 1 ’ 
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a %3— 4,3), — Fs Voo > Fo Vo + Ay, Do, in Bx 25 _ 0, 
A, Ae sg 2,,8,, + A>) Yo3 + Bay Soy — Fx Vo, — B,, a 0, 
Piz — Oo er BB), ned 8,, 8, a BV a B,,6,, _ 0, 
a, By» + a, 8, + B,,B,; aa B,, 8, + 4, nee B Te 0, 


oJ 


Bis 8. + a,;B;5 + A» 8, a ys Doo + B,, Y23 — By %o0 = 0, 
Big + Big + 2p og — 2% 3 Yoo = 9, 
Bi, as 8, + 28,,6,, said 28,, 5,5 =0. 


Rewrite the first, ninth, and eighth of these equations as indicated below. 
Multiply the sixth equation by i, and subtract the fifth from the result. Mul- 
tiply the fourth by — i, and add the third to the result. From the second mul- 
tiplied by —i subtract the seventh. The results of these operations in the 
order indicated are 


(a,,— iB,,)(%, + 18,,) — i(8,, + #%)(— Bo, + 1%) + (8, — i%,,)(— By, — 12.) = 1, 
(—B,,—78,.)(—B,,+#8,,)—i(8,,—18,,)(—B»—t8,,) + (8. +78,3)(—B.+ i8,,) = 9, 
(A,5 + 1,5)(H,3 — Uy) — U(— Yon + UY ag)( Faq + 4%) + U— Yoo — UY23)( Hp — 1% yg) = 9, 
(a,,—%8,,)(— Bis + iB ,.)—i(8,, + %n,)(— Byo— *By5) + i(— By, — ia,,)(8,.+28,,) = 0, 
(4,, — 1B, )(,4 — typ) — 1(5,, + ify) (ag + 4a4y5) + i(— By — 1%) — Yop — Ey) = 9, 
(—B,,—#B,,)(4,,—t,.)—i( 8,.—18,,)( 49+ 14,,) + i(— Boo + 1By5)(—Yo2— '%n3) = — ie 


In these equations substitute the values of a,, b,, c, from (10), and we obtain 
the fundamental equations of condition (8). In like manner the bilinear rela- 
tions obtained by taking the elements of the theta-transformation by rows may 
be combined to produce a set of equations similar to the above, out of which the 
conditions of (8’) can be formed. 

Since the equations (9) are consequences of the conditions (8) and (8’), we 
may substitute in (9) the values of a,, b,, ¢, given by (10). Separating the real 
and imaginary parts of the resulting equations, we obtain a solution of the 
bilinear relations connecting the coefficients of the theta transformation. This 
solution gives six coefficients explicitly in terms of the remaining twelve, which 
are connected by four bilinear relations. 

Because of the particular moduli of the problem at hand certain linear rela- 
tions exist among the theta functions. To determine what these are we follow 
the values of any theta function under the transformation which corresponds to 


identity in G. For this latter a, = b, = ¢,, a, = a, = 6, = b, = ¢, =e, = 09. 
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Using (10), we find the theta transformation to be 
m 0 O|n 0 
Oo mndo 0 90 
0-—-n m0 90 
—n 0 Om 9 OO 
0 0 0 0 m wan 
0 0 0 0-n m 


with m? + n*? = 1, and m,n integers. This transformation yields four cases, 
viz: m=1,n=0; m=—1,n=0; m=0,n=>4+1; m=0,n=-—1. 
The corresponding relations between the theta functions with zero arguments are * 


F : ((0)) = 9| Jo. 
6[ 2] ((0)) =a[ ~2 |((0)) 
ApS = 9] _ 3 ))s 
9| 9 wenal ~% Gs "Ge 
| {| (0) = enema] rm E 4 |) 


7 g = prmignh | h, — 7, q> \ 
| £ | «(0)) e . ae 7 |((0)). 


(11) 








By using the relations (10) the theta-transformations corresponding to the 
generators of G are determined to be 


1 0 0 0 . 3 1 0 @ 
0 0 0 O ian 0 0 1 0 
0 0 0 0 e 2 0 0 1 
A: Z B 
0 0 0 1 1 1 0 0 + = @ 
—] 1 0 L «J 1 0 n 01 0 
—] 0 Liki —] —] 0 @ aie © 1 


and the corresponding transformations on the theta-functions with zero argu- 


ments arey+: 
A : OL get : h, Po ths wile ental (( 0 a 
a = jyen2tilhthe—n+92)+hkn—I9)] J [4] (( 0 as 
Bs PLM nfs penton] ((0)), = ermierrnrsi-8) 94] ((0)),- 


* KRAZER u. PryM, Neue Grundlagen einer Theorie der allgemeinen Thetafunktionen, ete., p. 121. 
T Loe. cit. 
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We now wish to determine the simplest possible products of theta functions 
with zero arguments which are relatively invariant under the group G. If a 
product of two functions 4, and /, is relatively invariant, then it follows that /, 
is a relative invariant under A* and 4°. For this to be true, the transformed 
characteristic must be reducible to one of the four given in (11). In addition 
to this, the characteristic of 4, must be transformed into that of 4, by A or B. 
This requires further conditions similar to the above. The characteristic of J, 
will then be the simultaneous solution of these sets of conditions, if such a solu- 
tion exists. A similar procedure may be used to determine whether the product 
of several theta-functions can be relatively invariant under G or not. The follow- 


ing products are believed to be the simplest: 
. 0007700077 011 
=| 00 || 011 || 000 | 


F000 Jf 0007/7 011 
=! 400 |] 111 || 100 


. 00077 00077 001 
b, | 110 |] 101 | el 


011° 
bel! 

“00177 0107 / 010- 
ped bed bed! 


101 101 111 
101 || 111 |] 101 |” 
in which for the sake of brevity we write 


Ny “4X 
be 3u 


(A, w integers). The function ¢ = [ }{}] is also relatively invariant, but from 
(11) we find that ¢ = — ¢, and hence that 6=0. Denote by ¢’ the trans- 
formed form of ¢,. By using (11) and (12) the following table is deduced for 


the generating transformations: 














F000] [010 1f 010° 
% =] 010 || 000 | 


001 


a, Os 


A —v', —v'd, v' 
B ip, — ¢, — ¢, 


None of the functions ¢, vanish identically. To show this it will be sufficient to 
find values of «, v for which some one theta function of each ¢, is different from 
zero, since the factors of each product are permuted by the transformations of 
the group. Take the particular values « = 0, v= — i, which satisfy the con- 
dition (4), and substitute in the functions [)], (90) J=(58], Oo] =Ciehd, 


Trans. Am. Math. Soc. 4 
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5 


and [°°]. This gives 


0v0 





. 000 > Sia ina 
OO a edie 

100 a ) el (mm +3)? m m2) 
| 000 wae. 

000 | Do eal tye m3 +(e +47, 
. 0107 “ 

o10 = >» eat [mi + (meth)? +m3] 
| 000 fn < ; 





which evidently do not vanish. 
None of the functions ¢,, ¢,, , vanishes identically, and the functions 


*. «.% 
=o “2% 


are absolutely invariant under the group G. These functions are believed to 


(15) F, 


be as simple as any of the kind under discussion and belonging to the 
group.* 


$4. Linear independence of the moduli. 
It will be observed that in Table (3) the six moduli of a given integral ~, are 
expressed linearly in terms of three such. This is a particular case of a general 
theorem which we proceed to deduce. 


Denote by 
*R.(z)dz 
w= | : (i et eee 


wr 


where /2.(z) is a rational integral function of z, and 7, is an integer, a system 
of p linearly independent integrals of the first kind connected with the Riemann 


surface P 
w= (z— a )*( z—b)8 see (Z—N sy 


having » branch-points which may be assumed finite, and with 
0O<a<v0<B<yv,.:-,0<A<y,24+84+---+A=O0 (modr). 


Denote the different values of w corresponding to the same value of z by 


w,, +++, w,, and assign the branch w,, to the mth sheet of the surface. 


WO, W, 


* PICARD has shown (Acta Mathematica, vol. 5 (1884), p. 175) that we can choose two 
hyperfuchsian functions, relative to a group G , such that every other function belonging to the 
same group is an algebraic function of the two chosen. Whether or not the two functions (15) 
are suitable for that purpose cannot be determined without a knowledge of the fundamental 


region for G. 
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The several values of w will be connected by the relation 


-7t 


Wis O@=e”. 


Denote by wu any integral of the first kind, and by u'”’ the value of « taken over 
any path starting from a point in sheet m. Then 


*R(z)dz *R(z)dz "R(z)dz 
(17) vom f : = [5 ‘ = 6 = - = OPmy''?, 


wn Oo" —! 9p w' 
m 


where (m — 1) + p, =9 (mod v), with O=p, <v. 


By a simple cireuit about a branch-point is meant a loop which starts and 


m 


ends at z, in two different sheets which are successive in the order of the wind- 
ing of the sheets for that branch-point. Denote by a”’, 8”, ---, the values of 
uw” along simple circuits about the branch-points a, b, ---, respectively. The 
values of a”, 8”, ---, for the different values of m are connected by the rela- 
tion (17) as follows: a" = 07a", Bu = 0%" 8B", ..., where o, , o’, ete., are 
defined similarly to p,. Since any closed path on the surface can be resolved 
by continuous deformation into a set of simple circuits about the branch-points, 
it follows that the value of «” along any closed path may be expressed in the 
form 
ca) +e, BV 4 ---te rx, 

where c’ is a sum of roots of unity. For the integrals along the several simple 
cireuits about a may each be expressed in the form + 6%" a'), depending on the 
direction in which the integral is taken; consequently the portion of the value 
1 


where ¢; is a sum of roots of 


unity. Similarly for the other branch-points. In particular, take w positively 


of uw” due to paths around a is of the form c/a 


over a path around all the branch-points, and we obtain a relation of the form 


(18) ca) + 6, BY + +--+ e,4 =0, 


since the given path may be deformed into a point path. 
Assume an appropriate set of branch-lines and cross-cuts, and define A,, 2B, 
j 


asin $1. Since the moduli of periodicity of wu are the results of integrating w 


along these cross-cuts of the surface, we have as the values of A, : B 


A.= ¢,a os ¢,, BR + see EADY, 


(#9) ' (j=1, 2, 
Bo=d,o64+d,B4+---+d,,r, 


J 
where ¢,,, d,, are constants. Substitute the value of X'' from (18) in the equa- 
tions (19) and we have 2p equations expressing the moduli of periodicity A., B. 
in terms of « — 1 quantities a, 8”,---. Not more than pw — 2 of the 2p 
moduli A,, Bij = 1, 2, ---p) are linearly independent. To prove this, assume 
that « —1 of them are independent. Solve these ~ — 1 linearly independent 
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equations for each of the ~—1 quantities a’), 8"), ---. Thus we find that 
each of the quantities a'’, B'", .-- is expressed as a linear function of » —1 
constants A ,, B. In particular, then, 


a’) = eonst. 


But since a") is the value of u‘') along an open path on the Riemann surface, it 
is a function of the end points and is not constant. Consequently the assump- 
tion made is false, and we have the theorem: Not more than w»—2 of the 
moduli of periodicity of an abelian integral of the first kind associated with 


a binomial Riemann surface having w branch-points are linearly independent. * 


$5. The fundamental transformations for the group of the general binomial 


surface. 


In $1 certain fundamental transformations arising from the monodromy of 
the branch-points of a Riemann surface were determined, and from them the 
generating tranformations of the group were found. The method employed 
there will be generalized in the present section; by analyzing separate cases 
we are finally led to the general theorem. We assume the conventions and 
definitions of $1. 

Consider the binomial Riemann surface 


val as (2 — 4, \*(2z sate a, )*++-(2 — ays 


where ma = 0 (mod v), 0 <a <v, a and » integers and relative primes. Let 
z, be any arbitrarily chosen point of the surface, and with it as center swing a 
radius vector counter-clockwise ; let the branch-points be numbered 1, 2,---, m, 
in the order in which the radius vector meets them. Denote by (//) = (/k) the 
transformation produced on any set of variables, functionally connected with the 
branch points @,, @, of the surface, due to the interchange of these branch- 
points. In the following discussion the symbol stands for the interchange itself. 
The interchange of the points is to be made in the manner indicated on pp. 40, 41. 

If «,, a,, 4, are three branch-points such that i <4 </, then (i/) is equiva- 
lent to either t, = (ik)-'( 47) (ik) or t,=(Al)(ik)(A1)-'. For in ¢,, (ik)" 
means the interchange of «a, and a, clockwise, then (4/) the interchange of 


a, and a, (=a,) counter-clockwise, thus putting a, in the place of a, then (i/: ) 


the interchange of a, (=a,) and a, (=a,) putting a, in place of a, and the 
vath of a. may be deformed into a point path without passing over a branch- 
] k J oD 

point: the paths of @, and a, are between z, anda,. A similar analysis verifies 
t,. An analogous procedure applies if four or more branch-points are permuted 


to obtain an interchange. In particular, if 4 </, we may express (4/7) in terms 


* See FRICKE-KLEIN, Automorphe Functionen, 11, p. 135, where the essential statement of this 
theorem for « — 4 is credited to J. WELLSTEIN. 
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of successive interchanges of branch-points, and obtain 


(Al) =(k,k4+1)°(k4+1,442)"' 
-(¢—2,7-—1)'(l— 1 2)(1—1,1—2)---(k+1,hk). 


It follows that the transformations due to every simple interchange can be 
expressed in terms of m — 1 transformations (i, i+1),i=1,2,---,m—1. 

We will next discuss all other admissible types of motions of the branch- 
points and the corresponding transformations of the variables. Let a, perform 
a complete loop about a,; the resultant transformation is (4/)’, for the com- 
plete loop is the suecession of two interchanges of the points @, and a. In 
such a case the path of neither point can be deformed to a point-path. Next 
assume that «, 
enclosed in the total path of the other points. The resultant transformation is 


and a, (k% </) are interchanged so that a branch-point a, is 


(hi) (il) (ki) = (il)( ki) (a7), 


for in either case the path of «a. is a point-path, that of a, is between z, and a 
i ! v é 


while a, is between z, and that of a,. If «, is situated similarly to a, then the 
resulting transformation is 


(hi) (ij) (Gl) (ij) (ik) = (GF) (ji) (ik (ji) (72). 


In ease a, lies between z, and the paths of «,, «,, the corresponding transforma- 
tion is 


(ki)(i1)(ik)-' = (il) (ik) (i), 


and similarly for more points situated like a,. 

By an argument similar to that on p. 41 we may resolve any motion of any 
number of branch-points into a sequence of motions of the types discussed 
above, and may consequently express the resultant transformations in terms of 
m — 1 successive interchanges designated above. 


Next consider the binomial Riemann surface 
"ee a “4 8 Z 8 
w’ =(z—a,)*---(z-a,)*(2—)b,) -+-(z—b) ‘ 


where 0 c<a+ 8 <v,ma+n8=0 (mod v), a, 8, and v are integers, and 
either a or £ is relatively prime to v. In a manner similar to that above we may 
select two sets of m— 1, n—1 transformations in terms of which all the trans- 
formations due to all motions of the points @ among themselves, and to the 


points b among themselves may be expressed. Denote by 7,, the transforma- 


tion arising from the motion of some point « around some point 6 once. Evi- 
dently the points can be so chosen that the last point of the set @ moves around 
the first point of the set b. Then every transformation arising from proper 
motions of the points a, 6 can be expressed in terms of the m + n — L indicated 
transformations. To prove this it will evidently be sufficient to express the 
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transformation arising from the motion of an arbitrary point a around an arbi- 
trary point b. Let a, and b, be the points. Interchange a. and a, 6. and 6, ; 
then use 7; . 
care being taken as to the direction of interchange. This completes the motions, 


»» Which puts a, around },; then interchange a, and a,,, 6, and b,, 


and all paths except those of «,, b, are point-paths, thus furnishing the required 
representation of the transformation. In general the number m +n —1 of 
fundamental transformations cannot be reduced. If, however, n =1, then 
T,, =(m,m—1)'---(12)-*---(m, m—1)"', and the number of funda- 





mental transformations is not greater than m— 1. 

In the case of several sets of branch-points m,, m,, ---, m, in number, which 
sannot be interchanged, a fundamental transformation will be required corre- 
sponding to the motion of some point of a set around a point of every other set. 
The corresponding transformations will be designated by 7),,, where /: and / are 
different and refer to the above » sets of branch-points. The number of these 
will be 3n( — 1), and this number will diminish by unity if some m, is unity. 
The number of transformations of each set is known from the above discussion 
to be m,—1. To sum up, we have the following theorem : 

The number of generators of the group arising from all possible motions 


of the branch-points of the binomial Riemann surface 


w = TN (2 — 012-8)" Te 


where 


nn 
0<4,.44 <7, > m, 2, =0 (modv), 
t=} 


a, and v are integers, and some a, is relatively prime to v, does not exceed 


a(n —1) ~ n(n—3) 


= 7 
Fists 4 Oo? Rin, 
t=] = i 1 - 


If a detailed knowledge of an individual case is available, this number may be 


reduced. The group of § 1 is an instance in point. 


CORNELL UNIVERSITY, 
Ithaca, N. Y. 





PERIODIC ORBITS ABOUT AN OBLATE SPHEROID 


BY 
WILLIAM DUNCAN MACMILLAN 


$1. Introduction. 


The orbit of a particle about an oblate spheroid is not in generai closed 
geometrically. The motion of the particle is not, therefore, in general, periodic 
from a geometric point of view. But if we consider the orbits as described by 


the particle in a revolving meridian plane which passes constantly through the 


particle several classes of closed orbits can be found in which the motion is 
periodic. The failure of these orbits to close in space arises from the incom- 
mensurability of the period of rotation of the line of nodes with the period of 
motion in the revolving plane. When these periods happen to be commensur- 
able the orbits are closed in space and the motion is therefore periodic, though 
the period may be very great. Indeed, it seems that most of the difficulty in 
giving mathematical expressions for the orbits about an oblate spheroid rests 
upon the question of incommensurability of periods. The difficulty arising from 
the motion of the node can be overcome by the use of the revolving plane, but 
other incommensurabilities, such as that introduced by the eccentricity, can not 
be eliminated in this manner. 

Orbits closed in the revolving plane are considered most conveniently in two 
general classes: (1) Those which reénter after one revolution, (2) those which 
reénter after many revolutions. The existence of both classes is established in 
this paper and convenient methods for constructing the solutions are given. 
Orbits which reénter after the first revolution are naturally the simpler and will 
be considered in the first part of the paper. Those lying in the equatorial 
plane of the spheroid become straight lines in the revolving plane, and it is 
shown that within the realm of convergence of the series employed ali orbits in 
the equatorial plane are periodic. When the orbits do not lie in the equatorial 
plane there exists one, and only one, orbit for any arbitrarily assigned values of 
the inclination and the mean distance. These orbits reduce to circles with the 
vanishing of the oblateness of the spheroid. 

In considering orbits which reénter only after many revolutions the differ- 
ential equations are found to be very complex, and one would despair of proving 
the existence of these orbits by the ordinary direct computation of the necessary 
coefficients. However, a proof of their existence and a method for the construc- 
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tion of the solutions are given by the aid of certain theorems, which are here 
established, on the character of the solutions of non-homogeneous linear differ- 
ential equations with periodic coefficients. 

These periodic orbits of many revolutions involve five constants, four of which 
are entirely arbitrary, and the fifth subject only to the limitation that it shall 
satisfy certain commensurability conditions. One constant, only, is missing for a 
complete integration of the differential equations. These orbits are all symmetric 
with respect to the equatorial plane. 


$2. The differential equations. 


The differential equations of motion of a particle about an oblate spheroid are * 


dx kK? Me 1 sR? a> + oy? — 42° ‘ OV 

dt" tlc R' { + i90 ” R' | i. | = ie 

Py k? My [ ap ety — 42 ? OV 
(1) dt? = R° be + jy 5 2 wet io “_, 2 

d*z Me T ae B( 2? + y*?) — 22" - oV 

Gene + te eg 








{ 
The symbols employed are defined as follows: #, y, z are rectangular cooydi- 
nates, the origin being at the center of the spheroid and the xy-plane the plane 
of the equator, / is the Gaussian constant, / is the mass of the spheroid, i is 
the polar radius of the spheroid, u is the eccentricity of the spheroid, 


. . PMT Petty — 2 . 
Since 
10V 10éV 
2 On y Cy’ 


we obtain one integral of areas, namely, 


dy dx 


9) r —_ 
(*) “dt 7 dt 


=C 
1 


That is, the projection of the area described by the radius vector upon the equa- 
torial plane is proportional to the time. We have also the vis viva integral 


3 dx\? (> P dz\? OV 
(9) (“n) + “n+ a) =2 + ¢- 


For further integration we are compelled to resort to series. Poincaré has 
f=] 


shown in his Les méthodes nouvelles de la mécanique céleste that if certain 


* MOULTON, Celestial Mechanics, p. 113. 
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conditions are fulfilled it is possible to obtain periodic orbits represented by 


power series in a parameter when periodic orbits are known for zero values of 


this parameter. These conditions are at least partially fulfilled in the present 
problem, for the right members of the differential equations are analytic in 
2, y,zand the parameter u. Furthermore, for 4 = 0, the equations reduce 
to the ordinary two-body problem for which periodic solutions are known. It 
is our purpose to show that the remaining necessary conditions also are fulfilled 
and that periodic solutions persist for values of « +0. These periodic series 
are very satisfactory, for the general character of the orbits represented by them 
is easily obtained. The solutions thus found are rigorous, but they are not 
general, their existence depending upon special initial conditions. 
It will be advantageous to transform the differential equations to cylindrical 
coordinates by the substitutions 
v= ar cose, ke M= n'a? 
y = arsine ce, =cky Ma, 
aq s nut 
? - 3 FP 
avr+q == 
-* 10 @ 


After these substitutions equations (1) become 


3 a 2 r — 4¢° = P 
(a) r—m ylltes¢ » Ow +]. 


(6) re” + 2r'v' = 


, —4 3r°— 2’, , 
c =-, all eo pt ---t, 
9) , cera Trey t | 


the accents denoting the derivatives with respect to 7. 
The integral of (5) is r?v’ =c, by means of which v’ can be eliminated from 
the first of these equations. After the elimination the equations take the form 


— 4rg? 


» ° 


(Fr +¢)! alien 


(«) 


3r° q _ vi — 


(6) (b) (e+ gyal + - 


(c) 


The first two of these equations are independent of the third so that r and g¢ 
may be considered as rectangular codrdinates in a revolving plane which passes 
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always through the z-axis and through the particle itself. The problem is thus 
reduced to the consideration of the motion in this plane, for, when 7 is known, 


v is obtained by a simple quadrature from (6c). 


$3. Surfaces of zero velocity. 
The velocity integral in the revolving plane is 


9 2 2 9, 22 
of — 2¢ — t 
pM + -- — 3 +e. 


re+q =(P 47) 8 (P+ @)! 2 


If we put the velocity equal to zero the resulting equation represents a two- 
parameter family of curves. For assigned values of the parameters ¢ and ¢, 
there is defined a certain curve in the revolving plane. On one side of this 
curve the motion is real while on the other side it is imaginary. For values of 
c, <0 this curve is closed, and the motion is real on the inside. As the plane 
revolves this curve generates a surface of the general form of an anchor ring. 
For »* = 0 this curve belongs to the ordinary two-body problem, and its equa- 
tion is 

9 »2 


- a 


; ej — 3 +c, = 9. 
(F4 gy rt % 


The motion is elliptic, parabolic, or hyperbolic according as c, is negative, zero, 
or positive. Putting 
r=pcos >, g=psind, 
we find, on solving for p. 
1 | ce 
p=~|-1+ \ . + x54 |. 


For negative values of ¢, this equation represents two closed ovals which do not 
enclose the origin. If ¢,c? = — 1 the ovals shrink upon the points p = — 1/c,, 
¢=O0and 7. The corresponding orbit is therefore a circle in the equatorial 
plane. As ¢, approaches zero the ovals open out rapidly and approach the 
limiting curves 


9 


° 


P= 2 cos? db 
For values of ¢, > 0 there is but one positive value for p, which is 


, 
° 


1 
p= — 


C, |-1+ u' +5 , 


If c? + 0 none of these curves crosses the axis $= 90°. But if c = 0 we have 
the circle p = — 2/c, inside of which the motion is real when c¢, is negative. 
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For values of u* + 0, but sufficiently small, we can put 
r=(p+/P)cos¢, q=(p+Pp)sin¢, 
and solve for p as a power series in wp”. We find 


* 


1 2—3 cos’ ¢ 
= 3 p(1 + cp) 


which is the correction to be applied to the corresponding curves in the two- 
body problem. 


Part I. 
ORBITS WHICH REENTER AFTER ONE REVOLUTION. 


$4. Symmetry. 
Returning to the differential equations (6a) and (64) we observe that if we 
change 
rinto+r, q into— q, T into —T, 


the differential equations remain unchanged. Hence, if at some epoch, t = 7,, 


a. 7, =0, 
q 0, q=8, 


that is, if at the epoch + = 7,, the particle crosses the 7-axis perpendicularly, it 
follows from the form of the differential equations that the orbit is symmetrical 
with respect to the r-axis and with respect to the epoch t= 7,. In other words 
r will be an even series in (t — 7,) and q will be an odd series in (t—7,). If 
now at some other epoch, tr =7, + 7’, the particle again crosses the 7-axis per- 
pendicularly the orbit will be symmetrical with respect to this epoch also. It is 
clear therefore that the orbit is a closed one, and that the motion in it is peri- 
odic, for, by hypothesis, at 7 = 7, — 7’ it must have been at the same point and 
moving with the same velocity in the same direction. The motion is therefore 
periodic with the period 27’. Hence with these initial values sufficient condi- 
tions for periodicity are that at 7 = 7, + 7 


From the integral of area, v'= e/r’, it follows that if 7 is periodic v will have the 
form 
» = constant x T + periodic terms. 
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$5. Existence of periodic orbits in the equatorial plane. 
If ¢ = 0 equations (6) reduce to 
P 1 Oiu? Bip 


, ” 
(a ,? = _ 4 = _*"E 
) Yr’ ? ?! ?” 


(b) v= 
, 


The first of these equations is independent of the second and ean be inte- 
grated separately. It represents motion in a straight line in the revolving 


plane. It admits the constant solution 

rm il, eo 1+ Ow? + Oyt+---, 

which represents a point in the revolving plane, or a circle in the equatorial 

plane. In order to investigate the oscillations about this point let us put 
r=1+ep, c? = c* + ee, 


where p is a variable whose initial value is arbitrarily assigned, e is an arbitrary 
parameter corresponding to the eccentricity in the two-body problem, and ¢ is a 
parameter to be determined so that p shall be periodic. 

On substituting these values (8a) and expanding as power series in e, the 
terms independent of e cancel out and it is possible to divide through by e. 


The equation then becomes 
p+[1—Ow—36iut+ .-.]p=e[1—d3pet+ 6p’?e& — 10p*e + ---] 
+pre[3 — 40? uy? — 1502u' + ---] 
(9) + pre[ — 6 + 100? u? + 4602 w+ ---] 
- + pe [10 — 2007 uw? — 1116 ut +.---] 


We can simplify this equation somewhat by dividing through by the coefficient 
of p in the left member and then substituting 


€ 


— — 6° uv? — 3A" u' coe = 
=TV1— Op’ — 305 u'+.---, 6 1 — 6? — 862 pp +--- 


The equation then becomes 


d’p 


»+p=6[1— dpe + 6p?e? —1Up’e? + ---] + [38+4,] pre 
(10) dT 


+[—6 +a,| pre + [10 + a,] pie +--+ 
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where 
— 86; u? — (0) + 682) ui +--- 
+ 40° uw? + (40! + 2805) pt+---, 
, = — 1067 uw? — (100! + 8107) wt +---. 


Equation (10) can be integrated for p as a power series in 6 and e. Let us 
take the initial values 
pr 1 @ p = 0 ° 


By Poincaré’s extension of Cauchy’s theorem we know that the solution of equa- 
tion (10) having the prescribed initial values exists and converges provided 6 
and e are sufficiently small, for all values of T in the interval 0 = T= 7’, where 
T is finite, but otherwise arbitrary. The condition for periodicity is simply 
(11) p =0 at T= 7. 

If we choose 7’= 7 an inspection of equation (10) shows that for e=0 the 
solution for p is periodic with the period 27 whatever may be the value of 8, so 
that equation (11) must carry e asa factor. After integrating equation (10) 


we find that the condition (11) is 


(12) 0=— [i+a, |wde — (3+ $4,430 + 3a, | we" + higher degree terms. 


Aside from the factor e there remains an equation in which the linear terms in 
e and 6 are present, and which may be solved. We find 


(13) §=(—1+4+.---je+--:. 


If this value of 6 be substituted in equation (10) it will then admit periodic 


solutions for p as power series in e having the period 27 for all values of e¢ suf- 


ficiently small. Furthermore the solution as a power series in e with the pre- 


seribed initial conditions is unique. 


$6. Existence of periodic orbits not lying in the equatorial plane. 
For »u? = 0 the differential equations (6) admit the circular solution 
r=1, q=9%, v= T, 
(14) e?=1. 
r=, q =0, val, 


In order to investigate the existence of orbits not lying in the equatorial plane 
but having the period 27 for w* + 0, let us put 


(15) r=1-+p, qg=%+e, ePf=1l+e, 


and take the initial conditions 
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The conditions for periodicity ($4) are then 
p=a=90 al T= 7. 

We have three arbitrary constants at our disposal, 2, 8, and e, and two condi- 
tions to be satisfied. Hence one constant remains undetermined. We will 
therefore let 8 remain arbitrary and determine a and e so as to satisfy the 
two conditions. After making the substitutions (15) and expanding, equations 
(6) become 

p +p=e— Spe + 3p? + 30? — Op’ + Bp’ e — 6p’ — 6po’ 
(16) + 4p0* uv? + higher degree terms, 

a” +o = 3po — 6p*o + 3p* — oO uw’ + higher degree terms. 

In order to integrate these equations let us put 


p= Dd pyeien', 


i,j, k=0 


(17) (i+j+k>0), 
= 
o inj ,k 
vn. DS what. 
é.J, =i 
The p,,, and o,,, can be found by successive integrations, the constants of 


integration being determined so as to satisfy the initial conditions. In the series 
thus obtained take t= 7. The two conditions for periodicity give us the two 
equations : 
) 2 3 2 2 3 2 2 ‘ 
(a) p,_, =V=ae FUEL UE +A EA+ UE +O. + Eb 4+ Uap + Op +++, 


(18) 
(b)o,_,=0= Bu[be +b, +b,0 + bex+ bw? +---], 


where the a, and 6, are constants which have been found from the actual 
integrations to be distinct from zero. Equation (187) involves only the even 
powers of u while (184) involves only the odd powers. After dividing (18+) 
by Su we can solve it for € as a power-series in a and pv’ of the form 


(19) e=eVPt+em+tea+cecapm>+ept'+---. 
On substituting (19) in (18a) we obtain a series of the form 
(20) (a) O=da+d,e+dpw+d yw +diat+.---. 


If in this equation we make the substitution 


d,.\ , 
(4) “= 1-7 )e. 
1 


we obtain 


(c) 9= 4 AYt he + fe +---], 
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which can be solved uniquely for y as a power series in w*. This solution sub- 
stituted in (205) gives a as a power series in yu’, and this value of « substituted 


in (19) gives € as a power series in w*. We thus have a solution 
ao pw Pp’), exp’ P,(p*), 8 arbitrary. 


Newton’s parallelogram shows that equation (20) has two additional solutions, 
but as they are imaginary we do not stop to develop them. 


§7. Existence of periodic orbits in a meridian plane. 

If in equations (6) we take the area constant c? = 0 the motion of the particle 
is in a meridian plane; that is, the revolving plane has ceased to revolve and the 
orbit in this plane is the true orbit. After changing to polar codrdinates by 
the substitution 

r= pcos d, g=psin ¢, 


the differential equations become 


1 sas EE BO iy. 
PY P 


m — J sin2¢—!sin4¢ ,, , 
pt + 2p'¢ = —* r 6? yp? +... 


py — pe + 
(21) 


For uw’? = 0 we have the periodic solution 
P => 1 . 
that is, a circle. For yu’ + 0 let us introduce p and o by 
p=1+p, @=T+6, 
with the initial values 
Co 
where a and 8 are two new arbitraries. By Poincaré’s theorem p, p’, ¢ and 


o are expansible as power series in 2, 8 and y’ with 7 entering the coefficients. 


The conditions for periodicity are that at t = 7 
p=o=0. 


If we perform the integration and then set t = 77, we obtain the two following 
conditional equations: 

(4) o,.,=V=424+4,8B+a0%+4+a08+4,P%+a4+---, 

(6) p.~=9= b,@ + 6,98 +b, +0-w+ bp'+---, 
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where the a, and }, are constants which have been found from the actual inte- 
grations to be distinct from zero. 

The first of these two equations can be solved for a as a power series in 8 and 

uw’. This expression for a substituted in (b) gives rise to an equation of the 
form 
(c) 0 =¢, Bu? +¢,8° + cB ut + cut too. 
This equation has the same form as (20) and can be solved in the same way, 
giving a unique real value for 8 as a power series in yp’ vanishing with yp’. 
This expression for 8 substituted in the equation for a gives a as a power series 
in w’, vanishing with yw’. Therefore real periodic orbits exist for uw? + 0 
which are analytic continuations of circular orbits for uy? = 0. 

We have thus proved the existence of the three following classes of periodic 

orbits which have the period 27, the generating orbits being circles : 
I. Orbits lying in the equatorial plane ; 
Il. Orbits not lying in the equatorial plane; 
III. Orbits in a meridian plane. 


§ 8. Construction of periodic solutions in the equatorial plane. 


Let us first consider orbits in the equatorial plane. We retake the differ- 
ential equations (8) and by means of the transformations there given we pass at 
once to equation (10), which is explicitly 

d’p 
dT’ 
fee = : ' i. i 
(25) +[—6 + 407 u* + (405 + 2805) u'+--- pte 
+ [10 — 100; w*— (100! + 8105) ut+.---]pte+---. 


+p=8[1—8pe+ bp’ e?+---]+ [8-307 w?—( 0} +60; )u'+---]pre 


It was shown in equation (13) that 6 can be expanded uniquely as a power 
series in ¢ in such a manner that the solution for p as a power series in e will be 
periodic with the period 277. Since the series is periodic with the same period 
for all values of e sufficiently small, it follows that the coefficient of each power 
of e is itself periodic. Since the solution exists and is unique, it must be pos- 
sible to determine the 6 uniquely by the condition that the solution is periodic. 
In the existence proof it was shown that 6 vanishes with e. Therefore p and 6 


have the form 

(24) p=p,t+petpetpet---, 8=be+hP4+ he +--. 

The p, are to be determined by the integration of equation (23) and by the 
initial values 


] 
oF = Oat T =O. 


Gm Bs dT 


The 6 are to be determined in such a manner that the p,; shall be periodic. 
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Substituting (24) in (23) and equating the coefficients, we find : 


d* p, 0 
(a) dT? + P,, == , 


d* " — saisiad b45 
(d) dT: = 0,+|[3 — 365 uw? — (0! + 662) ut+---]p:. 


d* p, o> elise — ' 
© | » = 6, — 8p,6, + [3 — 36) w? — (8) + 682) mu! + - --]2p,p, 


(25) 


+[—6 + 405? + (40! + 2802) ut + --- |p’, 


d*p, 


() dT? 


+ p, = §,—3p,8,_,+[3 — 36; u’— (0; + 68; ) u' + ---]2p,p, 
+ Py2)s 


These equations can be integrated in succession. The solution of (a) which 


satisfies the initial conditions is 
(26) Pp, = —cosT. 
Since the initial conditions are independent of e, every p, except p, must vanish 


at T=0. Substituting (26) in (254) and integrating, we have 


(27) p,=5,( 1—cos T) + (38—307u°—(0'+ 662)u'+- --] [3—1} cos T—} cos 2T] ‘ 
The constants of integration in equation (27) have been determined so as to 


satisfy the initial conditions, but the constant 6, is as yet undetermined. 


Substituting these values of p, and p, in (25c), we find 


ac , . e ye 922 ..2 ¢ 2A? 2 
ype t Ps = (8, +8,(3 — 362 a? + ---)+3—60 w+... 


+[8,(—3 + 66%? + { 26! + 1202} wi 4+ .-.-) 

+ (—3 + 1267? — {1.6} — 962) ui + ---] cosT 
+[8,(3 — 3065p? + ---) + 3 — 1867 yw? + ---] eos 2T 
+ [8 — 4062p? + .--] cos 87. 


In order that the solution of this equation may be periodic the coefficient of 
cosT must be zero. This is the condition which determines 8, and consequently 


6 = — 14+ 265m + (30; — 6) ut +---. 


Trans. Am. Math. Soc. 5 
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With this value of 5, equation (28) becomes 


dp, 


dT? + p, = [6,4 30ju?+---]+[— 90{u?+---] cos 2T+ [8—40{y?+-. -] cos 3T. 


The solution of this equation which satisfies the initial conditions is 


20) p, = 6,(1 —cosT) + [30,u? + ---] + [3 — 2Oiw? + ---] cosT 
(Zt 
+ [80[ pn? + ---] cos 2T + [— 3 + 30’ + ---] cos 3T. 


The constant 6, is as yet undetermined. It is determined by the periodicity 
condition for p, in the same manner that 6, was determined by the periodicity 
condition of p,. Without giving the details of the computation its value is 
found to be 


Sn = Oi 4 ---. 


This method of integration can be carried as far as may be desired. In 
orderto show this let us suppose that p,,---, p, _, have been computed and all 


the constants determined with the exception of 6. From (25d) we have 


= 
€ d° P,, ) 4 
(30) ame +P, = 8, — 8p, 9,-1 +13 — 8A; MP + ---]2p 0,1 +A (Por + *9 Pua) 
Here f.(p,, ---; P,-») is a polynomial in the p, and contains only known terms. 


P,- depends upon 6 _, in the following way : 


p,_, = §,_,(1 — cos T) + known terms. 


Equation (30) can therefore be written 


d*p, 


de + Pn = 9, + [3 — 80m + «+18, + +[—3+4 605y? +---]8_, cosT 


+ [3 — 30) p? + ---] cos 2T + known terms. 


In order that the solution of this equation shall be periodic the coefficient of 
cos T must be zero. This condition determines 6 ,. The equation can then 
be integrated and the constants of integration will be determined by the condi- 
tions that 


dp. 


p, = dT =? 3 T=0. 


Everything is then determined with the exception of 5, and we have then 


p, = (1 — cos T)6, + known terms. 


Substituting the values of 6, and 6, in the solution as far as it has been com- 
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puted, we find 
p, = —cosT, 
p, = [3+ 26[u? + (0; — 482) mt] + [— Oi w+ (— G0; + 882) wt + ---JeosT 
+[—4 + 305 w+ (10! + @) ut... ] cos 2T, 
[— 30% w+ ---J+[8 — 305 uw? +---JeosT + [305 u? + ---]eos 2T 
+ [—(3 + 30? y? + ---]cos 3T, 
—1+ 26; yw? + (30) — OF) ut +.---. 
we 60° we . 
From these expressions we have the following series for 7 = 1 + ep: 
(a) r=1—eccosT + {[3 + 30;m? + (0; —40;)ui +--+] 
+[— Oi? + (— 56) + 362) wt + ---]eosT 
+[—34+ 36 p+ (46) + 6) ut +---] cos 2T} e? 
+{[—36w+---]+[2—-— 30) +.---]eosT 
+ [865 uw? + ---]eos 2T +[—3 + }0?p?+--- ]eos38T} ce +.--. 
Substituting this value of + in the equation (8/) 


, dv c+ e€€ 
y2 


av = V1 — 62 —30%pt 


and integrating, we find 


(b) v—v,={[1 4+ By? + (30) + 202) yi +---] 


+ [Ow + (— $05 + 498) )wit+---Jet---}T 

+ {[2 +4 267 yu? + (0! + 62) yt +---JsinT }e 

+ {[ 20; n? + (40f — 683) ut + ---]sin T 

+ [§ + 20m? + (— Oi + 36;)m'+ ---Jsin Tye +--.. 


Equations (31a) and (314) are the periodic solutions sought. If we return to 
the symbols defined in the original differential equations by means of equations 
(4), with the additional notation 


nV 1— Ow? — 865 ut+.---=v, 
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we have the following expressions for the polar coordinates at any time ¢: 


R= a{1—ecos vt +[ 3 — } cos 2vt | e+ [ 3 cos vt — 3 cos dvt] e* + --- 


9 


) 9 € ” o « 
+ —, w'[ (35 — 7%) cos vt + 5% cos Qvt)e? + (— 3%) — 9% cos ut 
: 2 2 2 





(32) 
9 9 3 ‘ 3 Of ' 
+ ;°, cos 2vt + ,.°, cos 3rt)e* + --- | + ab [---]+---}, 
9 a: hate @ 2 b* 3 Sos 
v— v= vt + 2 sin vt-e + 4 sin 2vt-e 4+ --- + z pw ( wo + foe +: : due 
(33) i 
+ (2 sin vt) e?+( 2 sin vt + 4%5 sin 2vt )e?+ ---] + - Te oe 
) i ‘ 


These equations contain four arbitrary constants, a, e, v, and 7¢,. Since the 
differential equations of motion in the equatorial plane were of the fourth order 
these series, within the realm of their convergence, represent the general solu- 
tion. The expression for the radius vector, 2, is always periodic with the period 


27/v. At the expiration of this period v has increased by the quantity 


2n| = Mao + 108 + +--+) + | = 270 
in excess of 27; that is, the line of apsides has rotated forwarded by this 
amount. If © is commensurable with unity the orbit is eventually closed geo- 
metrically. If @= ///J, where J and J are integers relatively prime, then, at 
t=2Jr/v,v=2( 1+), and the particle is at its initial position with its 
initial components of velocity. The particle has completed J + J revolutions 
and the line of apsides has completed J revolutions. The mean sidereal period is 


20 
> 


~ v1 +@)’ 

This formula for the rotation of the line of apsides has an interesting appli- 
cation in the case of Jupiter’s fifth satellite. On the hypothesis that Jupiter is 
homogeneous and taking its equatorial diameter as 90,190 miles and its polar 
diameter as 84,570 miles, the mean distance of the satellite as 112,500 miles, 
the eccentricity of its orbit as .006 and its mean sidereal period as 11"°0" 23°, 
the above formula gives for the rotation of the line of apsides 1440° per year. 
The values derived from observations are somewhat discordant but are in the 
neighborhood of 880° per year. If we still keep the hypothesis that Jupiter 
is homogeneous in density and of the same oblateness as before, we are com- 


pelled, in order to relieve the discrepancy between theary and observation, to 


suppose that the value adopted for its polar radius was about 9,000 miles too 
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great. From the large reduction required it is clear that the hypothesis of 


homogeneity is very much in error. 


$9. Construction of periodic solutions not lying in the equatorial plane. 


By means of the area integral the problem has been reduced to the two 
equations 
r | 4rq° aa 
(PF +¢@)i (7+ ¢@) se 


e q 37" g- 29° g: . 
f (7 +q°) (m+q) Salad 


After the solution of these equations has been obtained the third coordinate is 


found from the equation 


We have already proved [equations (14) to (20)] the existence of periodic solu- 
tions of these equations of the following type: 
‘= 1+ pw +pmeit+---. 
(36) =UP+ G+ 9,B ++ 
l+e,p? +epi+.--- 
with the initial conditions 
r'(0)=q(0)=0, 9(0)=Bp, 


8 being arbitrary. We can therefore integrate equations (85) so as to satisfy 
these initial conditions and determine the c, in such a manner as to render the 
solution periodic. 
Substituting (36) in (85) gives the equations 
0= [py +P.— 395 —% + 8 lH + [ey + P,— 3p; — 39,95 + 6P.9; 


(37) : , —— 
+ Afg; + (3e, — 46; ) p, — IPO 9g; — ¢, Jui + -- 


™ O=[a +a)e +45 +9:— 8p.9,— 391 +3869, ] 4+ (9; +9;—-80295— 3919s 
(38) 


+ p59, a 3P.%, sa PQ + if 1 7 30°4,— 1 56° p49, —* 56191] i 


Equation (37) contains only even powers of « while equation (38) contains only 
odd powers. For the integration we have: 

Coefficient of w. 
(39) q,+97,=9. 
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The solution of this equation satisfying the initial conditions is 


q, = Asint. 
Coefficient of p’. 


Pr +P,= 3G +%—-9%;, 


(40) 
=($? +c, — 6?) — }®’ cos 27. 


The solution of this equation which satisfies the assigned initial conditions is 
p, = (18? + c, — 7) + 2, cos t+ $8" cos 27. 
The constant c, will be determined by the periodicity condition on q, to be 
c, = 207 — B’, 
and a, will be determined by the periodicity condition on p, to be 
a,== Q. 
If we anticipate these determinations we have 
p, = (0? — +8’) + 48" cos 27. 
Coefficient of mu’. 
G3 +93 = (3p, + 39; — 3%), 
(41) 
= (38° + 3c, — 667) 8 sin t + }2,8 sin 27. 


In order that the solution shall be periodic it is necessary that the coefficient of 
sin tT shall be zero. Therefore 
c, = 207 — B’. 
Substituting this value and integrating, we find 
q, = 8, sin tT — }a,8 sin 2r. 


From the initial conditions we must have q,(0) = 0 and therefore 


B, _ 34,8. 
But it will be shown in the next step that 2, = 0, and consequently 
BS = 0 . 


Coefficient of m'. 


(42) pi + p, = 8p; + 39,9, — 6p,9; — 43-9 + (40; — 8e,)p, + 7P Ogi + ¢,. 


Before expanding the right member of this equation we will avoid useless labor 
8 g 1 

by first examining the coefficient of cos t which we know must be zero from the 

periodicity condition. We notice first that terms in the coefficient of cos 7 can 
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arise only through terms involving p, and q,, and second that all such terms 
carry a, as a factor. Since no other arbitrary enters the coefficient, we must 
take 2,= 9. It can be shown by induction that the constant of integration a,, 
(the coefficient of cos 7) which arises in the integration of p,, is determined by 
the periodicity condition on p,,,,,, and further that its value is always zero. 
The proof is omitted for the sake of brevity. 

Substituting the value z,= 0 in p, and g, and expanding the right member 


of (42), we find 

Po +p,=[¢e,+ 44+ 408 — 38°] + [4078 — 3,8" ] cos 27 + § 4A cos 4. 
The solution of this equation satisfying the initial conditions and the properties 
just mentioned is 

pP,=[¢e,+ + OB’ — 5; B)+[- 129; B+ i, 8' | cos 27 — ,!,8' cos 47. 
Anticipating the value of c, found below, we have 

P,= [— 806-13 OR — FB} + [— OR + 48°] cos 27 — 4B! cos 47. 

Coefficient of p’. 
G5 + 9s =P 29s + 391% — 603% + 8P.4, — SP. gi — 28°41 


(43) — 36:9, + 156: p,q, + 388393, 


=[3e, + 126f + 1167 8’ | 8 sin rt — 67 f’ sin 37. 
From the periodicity condition we have 
e, = — 40! — 116? B. 
Integrating and imposing the initial conditions, we find 
q, = — 20° B® sin t + 467 8 sin 37. 

This is sufficient to make evident the general character of the series. The r- 
equation contains only even multiples of 7, and the g-equation contains only odd 
multiples. The 7-equation contains only even powers of w and of +. The ¢- 
equation is odd in both these respects. The series are therefore triply even and 
odd. 

Collecting the various coefficients we have the following series: . 

(a) r=1+ [(0?—}8")+48 cos 27] y+ [ (—386'—13 65 B’— 38") 
+(— 31,078? + 3);8') cos 27 — 41,8 cos 47] ut +--- 
q=([Asin tT] 4+ [0] + [—26; 6 sin 7+ £67 6° sin 37] p+ --- 
v—vy=[1-O mw — (20, +5 Oh wi +---jr+[—JA* sin 27] p? 
+ [( 1167 8’ — £8*) sin 27 + gig sin 47] u' eee 
(d) f?=14[20—P]w+[—46}—1) 07 6? ]ui+ ---. 
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This solution contains four arbitrary constants, @, 8,v,and7,. As is shown by 


equation (44c) the nodes regress, the rate of regression being 


[Op m+ (30; + O78") mi + ---]. 


The generating orbit of these solutions is a circle in the equatorial plane. A 


circle having any assigned inclination might have been used, e. g., 
(45) r=y1—-s*sin’7, q = 8sinT, v= tan“'[v 1 —s*tan7T], 


where s is the sine of the inclination. The solution thus obtained would have 
been identical with (44). If we expand (45) as power series in s and then put 
s = Su, it will be found that the terms thus obtained are identical with the terms 
independent of @? in the solution which has been worked out. It might there- 
fore be of assistance in the physical interpretation of the constants to put Bu = s 
in the series (44). 


$10. Construction of periodic solutions in a meridian plane. 


When the constant ¢ is zero the motion is in a meridian plane. The equa- 


tions of motion are (21) 


. 2 1 —3+4+2cos2f+ leos4¢d. , 
p— p+ eR ees * putt ..-, 
P P 
(46) 
° ne Lsin2@— !}sin4t¢d ,, , 
pe +2p'¢=—* = OF? + --- 


We have already shown the existence of periodic solutions of these equations as 
power series in “”, which for 1 = 0 reduce to the circle p=1,¢=7. Let us 
put then 
p=l+pet+peit+--. P=T+ OH + Omi +---. 
Substituting these expressions in (46), expanding and collecting the coefficients 
of the various powers of uw, we find: 
0=[ p}—3p,—26)— 305+ 30° cos 27+ 10° cos Ar] uP + [ p/—8p,—26,—2p,¢: 
—, +3p?+(3—6 cos 27—cos 47) 0° p,4-(—3 sin 27—sin47) 07, |p'+---, 
(47) : ‘ ihe 
Om (b0+2p, 4+); sin 27—} 07 sin 47] uw? +[6)+2p, +6) p,+2p,¢, 
+ (—2 sin 27 + sin 47)@? p, + (cos 27 — cos 47) 07h, ] w'+---. 


The initial conditions are 


p'(9)= (0) =0. 
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Proceeding to the integration we have: 
Coefficient of pw. 


(a) py — 3p,— 26, = 30; — 36° cos 27 — 10; cos 47, 


(48) ; 
(b) $, + 2p, = — 107 sin 27 + 107 sin 47. 


By integrating (b) once we have 


(c) , = — 2p, + {0} cos 27 — 597 cos 47 + ¢,. 


Substituting this value of ¢) in (a), we find 
(d) py + p, = (2c, + 367) — & cos 27 — 267 cos 47. 
The integration of this equation gives 


(e) Pz = (2c, + ? 0°) + ¢, sin T + ¢, cos T + 10° cos 27 + p99; cos 47. 
Since p, = 0 at r= 0 we must take c, = 0. Then substituting this value of p, 
in (c) and integrating, we get 


(f) $,=(— 3e, —367)7 — 2c, sin r — 3,07 sin 27 — 5,0] sin 47 + ¢,. 


From the initial conditions ¢, must be zero when t= 0. Therefore c, = 0. 


Since it must also be periodic, c, = — 367. All of the constants of inte- 
gration are now determined except c, which will be determined by the perio- 
dicity condition on p,. 

The differential equations for p, and ¢, are the same as for p, and ¢, except 
in the right members. The process of integration is therefore the same. In 
the right members only even multiples of 7 occur except terms carrying the 
undetermined c, as a factor. In the equation corresponding to (48d) there will 
be a term in cos 7 carrying ¢, as a factor. But the integration of this term will 
be non-periodic unless c,=0. Put then c,=0; the integration proceeds 
just as before and the constants are determined in the same manner. This 
argument will be repeated in the coefficients of yu° and so on for all higher 
powers:* Therefore no odd multiples of + can occur in the solution. We have, 


therefore, 


p=1+[— 5 + } cos 27 + 4) cos 47 Oi w+ ---, 


(49) 
= 5 sin 27 — 2. sin 4 fe eee 
q=7 + [— oy sin 27 — 335 sin Ar | O05 we? + 
The differential equations arising at the successive steps are of the same type as the first 
two equations of (32), p. 555, in Professor Moulton’s paper on periodic solutions of the problem 
of three bodies, these Transactions, vol. 7 (1906). Consequently his general formulas for 


the coefficients of the solutions, equations (42), loc. cit., apply here. 








74 W. D. MACMILLAN: PERIODIC ORBITS [ January 


Since the series involve only even multiples of + the orbits are symmetrical 
with respect to both the v-axis and the q-axis. 
This completes the formal construction of the solutions of which the existence 


was proved in $$ 5, 6 and 7. 


Part II. 
ORBITS REENTRANT ONLY AFTER MANY REVOLUTIONS. 
$11. The differential equations. 


The orbits which we have previously considered have had the common prop- 
erty of involving only the period 27. Since this period is independent of the 
oblateness of the spheroid the derivation of these orbits has been relatively 
simple. We shall proceed now to investigate a class of orbits which involves 
beside the period 27 another period 277/X, where d is a function of the oblate- 
ness of the spheroid, the inclination of the orbit and the mean distance of the 
particle. We shall start from the solution which involves an arbitrary incli- 
nation. Into this solution four arbitrary constants were introduced, viz., incli- 
nation, mean distance, longitude of node and the epoch. Two more arbitraries 
are necessary for a complete solution, viz., constants corresponding to the eccen- 
tricity and to the longitude of perihelion from the node. In what follows we 
shall introduce the constant corresponding to the eccentricity, but we shall still 
project the particle from an apse at the node. 

We have found for the differential equations a certain solution (44) which we 
may write 


r=$(8,4:T), q=v¥(8, 4:7), C=C, 


which is symmetric with respect to the equatorial plane. That is to say, at t = 0 
the particle is in the equatorial plane and its motion is perpendicular to the 
‘adius vector. Its initial distance is ¢(0). Suppose now we change the initial 
distance slightly and also the initial velocity so that at t = 0 


r(O)=9(0)+, 9(0)=9, 
r(0)=0, q(9)=¥(9)+% 


and give an increment to the constant of areas so that c?’=c*? +e. Can we 
determine these three constants, «, y and e, in such a manner that the series for 
r and q shall be periodic? These series can be expressed by 


r=O(B,4sTt)+p, Gg=¥¥(A,4st) +9, Cate 


If now we substitute these expressions in the differential equations (6) all the 


terms independent of p, o and e will drop out, and there will remain the fol- 
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lowing differential equations for p and c: 
(a) p’ + {1 +[( — 463 + 36%) — $8? cos 27] uw? + [ (200! + 6028? + 38") 
+ (08? — 3B") cos 27 + 8B cos 47] wi +--+} p+ { —88psinz 
+ [(— 308 + 38°) sins — 3 Asin 87] p+ --- Jo 
+¢{{1+ [(—36)+ 18?)— 16° cos 27] w*-+ [(150'— 467 B+ $48") 
+ (42.07 8’ — 188") cos 27 + 15 B* cos 47] w+ ---} 
+ {—8+ [ (126? — 86%) + 86% cos 27] wi + ---} p+ ---| 
= {38 +[( — 1667+ 68° )— 128° cos 27 Ju? + [( 900} + 5207 B°+ bYA*) 
(50) + (402 8*— $28") cos 27 + 1888" cos dr Ju! +---} p?-+{—128ysinr 
+ [(— 90028 + 388°) sins — 38" sin 87] p? +--+} po 
+ {3 + [(303— YB") + 88 KF cos Ir] ut ++ fo? + 


(b) o” + {14+[— 3A? + 38° cos 27 ]u?+ [—465 8’ +70; 8’ cos 27] u' + --- So 
+ {—3Bysint + [(- 36°78 + 28°) sin r— $8" sin 37] ph 7 <5 9 
= {| — 68usint +[(— 21018 + 938°) sin r — 218° sin 37]? +--+} p” 


+ {8+ [(86;— °38°)+ 328? cos 27] p?+---!po+ {$Susint+ ---}o°+ 


In the first of these equations the coefficients of all terms containing odd 
powers of o involve only odd powers of » and sines of odd multiples of tr. All 
other coefficients involve only even powers of yw and cosines of even multiples 
of +. In the second equation the coefficient of every odd power of o involves 
only even powers of u and cosines of even multiples of 7. All other coefficients 
involve only odd powers of u and sines of odd multiples of tr. These properties 
play an important role throughout the entire discussion. 


$12. The equations of variation. 
Considering merely the linear terms of the differential equations (50) for p 
and o we have the equations of variation : 
(a) p’ + {14 [(— 402 + $A?) — 3 6 008 27] p? 
+ [(200! + 6078? + 38')+ (078°—3 8") cos 27+ 38' cos 47] u'+ ---!p 
(51) + {—388p sin 7 + [(— 3078 + $A") sin tr — 38° sin 387] p*+ ---}o = 0, 
(6) o +{1+[— 38’ + 38’ cos 27 ]y?+---}o 
+ {—38y sin t + [(— 8678 + 36°) sin t — 38% sin 37] ui +---}p=9. 
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These equations admit a solution of the form * 


pAjT ) 
p; A ,¢ $,(T), 
j Ae (7) (j 1,---, 4) 


oC 


where r, is a root of the fundamental equation and where (7) and (7) 
are periodic functions of 7 with the period 27. The four values of the A, (real 
or imaginary) are associated in pairs, equal in value but of opposite sign. From 
the fact that + does not occur explicitly in the original equations (1) it is known 


« priori that one pair of the A, has the value 0,¢ and consequently, if we choose 


the notation so that A, = A, = 0, the two corresponding solutions will have the 
forms 

p, = A,$,(T), P, = A,L$,(7) + 7h,(7)], 

o,= A,y,(7), o,= A [¥,(7) + TY,(7)). 


We shall consider first the two solutions in which the X, are not zero. Let 


us first substitute in (51) the forms 
p=e'"d(T) (i=V—1), 
a= ey (T). 
After dividing out the exponential there remains 
$+ 2G + [L—-V +a, +aul+ --] Go +[aut awit ---]~=9, 
y+ 2ary' + [1-4 bw + bei +---]e+[qe t+ apt ---]o=9, 


(52) 


where 
a, = — 88sinzr, 
a, = (— 8678 + 38°) sin — 38* sin 37, 


(— 40° + 3B°) _ 3 8? cos 27, 


~ 
~ 


a, = (206 + 6078? + 38') 4+ (FB — 3B') cos 27 + {8' cos 47, 
b, = — 38° + 3° cos 27, 
b, = a sum of cosines of even multiples of 7. 


4 


With respect to equations (52) it is known that @ and y are periodic with the 


* Floquet, Annales Scientifiques de l’Ecole Normale Supérieure, 2d series, vol. 12 
(1883), p. 47. 

t See Les Méthodes Nouvelles de la Mécanique Céleste, Vol. 1, p. 193. 

t Ibid., p. 187. 
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period 27, and that A vanishes with w since the problem then reduces to the 


two-body problem in which the characteristic exponents are all zero. It can be 


shown that , ¥ and \ are expansible as power series in w of the form 


e=Lbu.  v=Lyw, = LAW. 


j=0 


Substituting these expressions in (52 2) we find: 
Coefficient of p’. 
?, +o =9, 


Vv, + Y, = 0 4 
Therefore 
= «cost + a sin 7, 
(53) 


= ¥. cos tT + ¥,’ sin T. 
Coefficient Of fb. 


es 1) $, + , — 2iX, , = ay» 
(o- 
Vv, + y, — 210, Y, roa a, Gy: 


Since the periodicity conditions demand that the coefficients of cos 7 and sin 7 
in the right members be zero, we must take A, = 0. We get then 
gh, + $, = 3By:” — 3By! cos 27 + 3Ay,” sin 27, 
(vd) 
Wi + v, = 382! 3 Bal)’ cos 27 4+ 3 al! sin 27. 
Integrating we have 
_ P= aH! Cos T + 4 sin T + : S? + LByz' cos 27 — 3 By)” sin 27, 
(ob) 
vw, = yi) cost + ¥) sin t + 3 + 3B) cos 27 — } 82) sin 27. 
Coefficient of pm. 
iis ad 
at A, = a, = a, Vv, 9 
aT F 
2. — bv, —a,9,3 


(ot) 


or, expanded, 


?,+ ¢,=3 — 3By) cos 27 + 3%) sin 27 + (405 a)? + 2idr, a”) sin 7 


58 + (40? — 2id, a”) cos t + 38’ a!) sin 87 + 38" a)" cos 37, 
(od) 
vy, + v, = 3Ax) + (PR yy? + 2a,¥ ») sin tT + 2ir, 7)” cos T 


+ 38a) sin 27 — 3 Bal!’ cos 27. 


——— 


—— EE 
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In order to satisfy the periodicity condition we must have 


2inr, a)” + 40) a) = 0, 21d, 7” + 1h *y;) = 9, 
(59) 
, 40? ao) — 2ir, a” = 0, + 2ir,7,) = 0. 


The equations of the second column are satisfied by taking 


y= =O. 
Solving the other two we find 
Xr = + 26, a) — ja =O. 


Equations (59) can also be satisfied by taking 


A, = a” = a4, 


> l 


anf)’ = 0, y = arbitrary, 


but this would lead to the development of the solutions in which the characteris- 
tic exponent is zero, and these solutions will be discussed later. 

It was known at the outset that there were two values of equal numerically 
but of opposite sign. We will choose the one with the positive sign. The solu- 
tion for the negative \ can be derived from the solution for the positive X. The 
condition a,” — ia) = 0 still leaves us with an arbitrary constant. Since the 
equations are linear this constant will enter the solution linearly and may there- 
fore be taken equal to unity. The arbitrary constant is restored in (79) after 


the solutions are completely developed. We will take then «,° = 1 which makes 
a) = —i. Consequently 
(60) db, = cost —isinT, y,=9. 


Integrating (58) with these values, we get 


, = 32ByY” + a? cost + a” sint + 18y” cos 27 — 1 By” sin 27 
2 = oP, 2 2PY, 2PY, 
(61) . + 38° cos 37 — 387i sin 37, 
W, = 38a} + ¥? cos t + y> sin t + 382) cos 27 — }82'" sin 2r. 
Coefficient of pu’. 
p, +$,=3 By? + [— 2dr, + 40)(a\? — ia}?)] cos 7 
+ [ 2ir, +467 (a+ ia! )] sin 7+ 3A? sin 27—3 By? cos 27, 
(62) py +y,=[ 8a; B—3iF B—2 lip? | + [—2ia,¥)'+3h’y¥;"] cost 
+[2ir,¥,2+ iPX, ]sin 7+ [—3 27844116; B+ 21i8°] cos 27 


i [ 3a? B+41)! # B—.%, B*| sin 27— 7B’; cos 87— By.) sin 37. 


16 
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From the periodicity conditions we must have 
— 2dr, + 40 (a'” — ia’) = 0, By) — 2ir, xy =9, 
2ir, + 405 (ia! + ay )=9, 21d, 7; + iPr, = 0. 


The last two equations can be satisfied only if y= yy!) = 9. The first two can 
be satisfied only if A, = (a — ia!) = 0. The condition ( a’ — i2)) = 0 again 
gives us an arbitrary constant. Then by (56) ¢, = c(cost— isin 7), but this 
is the same as ¢, multiplied by cu. That is, the solution is repeating itself one 
degree higher in » and this, of course, should be expected since the equations 
are linear, so that any solution multiplied by any power of » must satisfy them. 
We are at liberty then to choose the arbitrary c= 0, which is the same as 
choosing a” = a!) = 0. Integrating (62) with these values, we find 


, = gRy! + a cos t + a sin tT + Ay!) cos 27 — 4 Ay/’ sin 27, 


(63) wv, =[gaP8 — 210, B — 2118] + ¥? cost + ¥? sin 
+ [}a8 31038 — J, 18°] cos 27-4 [—3a/8—3,1828-+ 8,8] sin 2. 


It can be shown by induction at this point that ¢ and A involve only even 
powers of uw, and that wy is an odd series in w. Furthermore ¢ contains only 
odd multiples of 7, and y only even multiples. Consequently 


2 ax yf? = ¥ . ») a= oy = 0, 


and all 
p.,, “es v, = 0. 


Coefficient of p*. 


$, +$,=[—2,+46; (a? —ia?)—160!— 10658" ] cos r+ [ 21d, 
(64) +40; (ia? + a )+ 1670} | sin 7+ [ 60; 8°43? a +3. 8* ] cos 37 
+ [—6i0; 8°43? aP—45i8"]sin 37— 218 cos 57+ 21i8' sin 57. 


Therefore, from the periodicity condition, we must have 
— 2d, + 407 (a? — ia?) — 160! — 100° B= 0, 
2ir, + 46; (ia? + a?) + 16703 = 0. 
Solving these equations, we find 
A, = — 80! — 6° B’, a” — ia? ax § 6°. 


In this last equation we can choose a?) = 38° and a2'=0. This choice of 
a” and a?) will make the coefficient of sin 7 in d, equal to zero, and since the same 


thing occurs for each ¢, it is evident that this method of choosing will simplify 
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the solution by making the coefficient of sin t equal to zero for all powers of pu. 
We have then on integrating 
$, = a, cos T+ [— ZO’ — .8,°,8"] cos 37 + i[ ZAR’ + 45,8") sin 387 


(65) i ‘ ee 
+ i338! cos br — 153¢f' sin dT, 


v= i[—368—F18"] + i[ 3,168 — 7,6") 0527+ [—3,1618— 8%] sin 2r, 
dp, 


vy, = — 318 — Sif cos 27—18 sin 27, 


; 8’ cos tT — 38° cos 387 + 3i8° sin 37, 


, = cos T — isin 7, 
eo age 4 5 A2 Q2 i 
A= 265 u? + (— 86} — 807A’) wt+---. 

The coefficient 2, of cost in ¢, is determined by the periodicity condition 
on ,. That the process of determining the values of the X, and the constants of 
integration arising at each step is general may be shown as follows. Let us 
suppose that we have computed everything up to and including ¢, with the 


exception of the constants of integration in d.. We have then 
| Z j 
d, = a) cos T+ a sin 7 + known terms. 


The 2 and a, enter y,,, as follows: 


i 


Vir t+ Va 


j 


38 sin t $, + known terms, 
= 38x’ — 38a) cos 27 + 3B” sin 27 + known terms. 


Consequently in so far as it involves a) and «, 


3 Q aa Ghee ; 9 
¥.= 3 Bay’ + } Bay cos 27 — $x’ sin 27. 


Similarly, in so far as ¢,., depends upon constants as yet undetermined 
b) +h, = —2iA,G; — 21d, .h, +.[(40|—3 8") + 38° cos 27] $,+38 sin ry, , 


=[- 2A5.0 + 402 ( al — ial?) + A, 2 | COS T 
(66) 


+[2ir,.. + 40; (ia? + a) + Bi, ] sin 7 
+ 38’ a? cos 37 + 38* a)’ sin 37, 


2 


where A, and B are the known terms in the coefficients of cos 7 and sin 7 


respectively. From the periodicity condition we must have 


— 2d, + 467 (a) — ia?) + A,,. = 9, 


(67) 


+ 2ir,,. + 467 (ial? + a’) + BL =O. 
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The solution of these equations is 
| 


r => 1 ( A. Tr iB ) 
68) 
; ; A,,,— tB,,, 
A — 1a) = — rie 
’ 86; 
As has already been pointed out we can choose a/’ = 0 and we have then 
9 A,,, — iB,,, 
(6% 2)' = — one i 
; 86 


In order to show that Nine and a/’ are real it will be sufficient to show that 


A,,, is real and B.., is a pure imaginary. This is readily shown by induction, 
for up to j = 4 inclusive we have 


d, a m, COS KT + i ~, sin KT 
a LS 


i a Je cos KT + >. gy, sin KT 
LS «x 


¥; 


where m,, ”,. f, and g, are all real. From the form of the differential equa- 
tions it follows at once that the same forms hold for j = 5, then j= 6, and so 
on. That is A,,, is real while B., , is a pure imaginary. 

It is further ‘“- be noticed that A, o- and B ia do not contain any terms in 8 
independent of 0° , and consequently the 0° which appears in the denominator 
of a/? will divide in This is proved as follow s. If 6; be put equal to zero in 
the differential equations then equations (52) become the equations of variation 
of a circular orbit in the ordinary two-body problem, the plane of the circle 
being inelined to the plane of reference by an angle whose sine is Bu = s. 
The original differential equations (6) can then be written 


1—s)(1-—é " 
(70) #” at : 2 . Pog > : -,= &, q= ae 4 ‘ 
ae (7 + qT ): ‘- a 7 


a ( 
* 


where the constant c* is given the form (1 — s*)(1—e’). For these equations 
we have the solution 


(l1—e*)1 1 — s*sin?(0—OQ) 


f= @ 


1 + ecos(@—8@,) : 
(71) 
(1 —e*)ssin(@—Q) 
nies 1+ecos(9@—@) ’ 
where 


(9@—96,) =(7t—1T,) + 2esin(r —7,)+-- 


Trans. Am. Math. Soc. 6 





| 





1 
; 
| 
i 
; 
| 
4 
i 
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Let us now form the equations of variation by putting 
r=?7r,+P; G=N%t+9; e=@,+ €, 


where 7,, q, and e, are the values in (71). We find 


. ile oR OR 
P= or P a “? de *? 
(72) 
,. @o€ OR o¢ 
c= - e ce — ; Co - ~ d é. 
or cq Ce 


Three solutions of these equations are given by * 


Cr or Or 
gmc, a p=c,.”, p=c, 5", 
'oD * or, 7: 
ae OG OG O4 
(73) ome, fo c= ¢, fo oma. 
ran @) ds A 3 Oe, 
Ce Ce Ce 
0 0 0 
€=mC, an» e=c,.”, €=c,-~. 
cD * oy, 3 de, 


If e, + 0 these three solutions are distinct, but the case in which we are interested 
is when e, = 90. In this case it is not difficult to see that the first two solutions 


coincide. Since the equations are linear, the system 








[Or, Or, | 
= C — — = 
p ‘}eQ er, | 
Og O4 
(74) PPO is Mee 
CQ Cr, | 
Ce Ce, | 
ome “ 0 nd 0 : 
‘;oQ = on, 
is also a solution, but as it vanishes “for e, = 0 it carries ¢, asa factor. We 
ean divide out this factor and absorb it into the arbitrary c,. For e, = 0 this 


solution does not now vanish, and it is moreover distinct from the first solution. 
Thus we have three distinct solutions even when e, = 0, but since 0(@/0e, = 0, 
and 0 /Ce, carries e, as a factor, equations (72) pass over to the equations of 
variation of a circle when e, = 0. For these equations we have three solutions 
which are periodic with the period 27. The fourth solution is not periodic but 
involves a term of the form 7 times a periodic function. 

Let us return now to the solution which we have developed, (65), and consider 
only the terms which belong to the two-body problem, viz., the terms which are 


* See Les Méthodes Nouvelles de la Mécanique Céleste, vol. I, p. 163. 
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independent of @?. This solution may be separated into two solutions, one of 
which is real, the other a pure imaginary. The real solution is the third solu- 
tion of (73), and the purely imaginary is the second solution. Since both of 
these solutions are certainly periodic with the period 27,, it follows that no term 
in 8 alone can occur in the A,_, and exe of (66) for the presence of such 
terms would give rise to non-periodie terms in the two-body problem. Hence 
A,,, and B.., carry 0? as a factor: which may be divided out in equation (69). 
Further A;.2> (68), carries @ as a factor and therefore A vanishes with the 
oblateness of the spheroid. 
The solution (65) may now be written 


p! =e [ + ip], 


(75) 
\ oc! = eT [ yp! se iy”), 
where 
¢" = cost + [ 38’ cost — 38’ cos 387 | vw 
+ [a, cost + (— oe — 1's’gB') cos 387 + 75,8! cos 5r]yi+---, 
gp” = — sint + [ 3A’ sin 37] p* 
(76) + [(G07 8’ + 44°,8') sin 387 — ,5,8' sin dr] wh + ---, 


yi? = [— }Asin 27] u + [(— 4,078 — 1,8") sin 27] w+ ---, 
y? = [-— 3B — 3B cos 27] hu 
+ [(— 2028 — 218") + (— 32028 — 7,8) cos 27] pi $+. 
By putting 
e** = cos AT + isin AT 
we can write 


p” =[¢' cos Ar — $” sin At | + i [ h” cos Ar + GH" sin Az |, 
o” = ["” cos At — Py” sin At] + i[ YW” cos At + Y'" sin Az]. 


-l 
=I 


We have thus one solution of the differential equations. A second solution 
ean be derived from it by merely changing the sign of i. Thus 

p” = [d” cos Ar — f” sin AT] — i[ HP” cos At + G sin Ar], 
(78) 

o” = [v' cos Ar — p” sin At] — i[ cos At + Y sin Ar]. 


By adding and subtracting these two solutions we have finally 


p=A[p? +p? ]+ B[p”—p”], 
o¢= Alo’ +o°]4+ Blo —o”}, 


(79) 





: 
j 
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A and B being two arbitrary constants. As above developed there is a certain 
arbitrariness in these solutions owing to the manner in which the constants of 
integration were determined. They may be reduced to a normal form by multi- 
plying each solution by the proper power series in yw’ with constant coefficients. 
By this process we can make for 7 = 0, 


p°(9)+p*(9)=1, 9 o''(0) — 00) = Bp. 


/ Since [p'’— p”] and [o'' + o” | are sine series they vanish for 7 = 0. 
The third and fourth solutions of the equations of variation, (51), are given by * 


Or ,O(ar, ) 
wal? A —— - 0 
Ps OT, Ps L Ca 
(80) 
oO ,C( aq, 
o,=2C A o.= D- ait 
0 


In forming the partial derivatives with respect to a in the fourth solution it 
should be remembered that @; is an explicit function of a, by equations (4), 
and that 7 is also a function of « implicitly through x. The third solution also 


ean be normalized by giving the arbitrary constant such a form that at r= 0 


Pp, =9%, o,=CBp. 


The fourth solution is non-periodie and has the form 


Or Co 
(81) p= Dro +4,], c= Dir hs], 
CT OT. 
where $, and y, are periodic functions of + with the period 27. As in the 
previous solutions this may be normalized so that at tT = 0 


Pp, = DB pv’, o,=0. 


~ 


It is also easy to find ¢, and yy, by substituting (81) in the equations of varia- 
tion and solving for these variables, which must be periodic. 


Carrying out the above operations we find the following general solutions 
p= A {cos(1—A)7+ [—}A’cos(1—A) 7+ 3A’ cos(1+2) 7— 3A’ cos (38—A)r] pw? 
+. [ ( — }a,+ 30° B? + 238") cos(1 —A)r+(}a,— aga’ eos (1+A)r7 


‘ial a 10° Be — 3 B*) eos (8 —A)r— pi gh cos (3 +A)r 


+ 1] y8' eos (5 — X)r] ui +--+} 


*See Les Méthodes Nouvelles de la Mécanique Céleste, vol. 1, p. 163. 
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ae B{}sin(1—A)7+ [(—§ P—8 7) sin (1—A)r— fy 


8? sin(1l+A)r 


(82) : 
— ;', Ph sin(8 —A)r]p.-- 


+ C{[— 3A’ sin 27] py? + [(,),0;8° — 4 8*)sin 27 + |), B'sin4r] w+ 


+ D! 33? 4+ 18? cos 2t we +[( 202? — ', B*) 
{ 4 + | 32 


+ (— $6 8’+ 48") cos 27— 1, B' cos 47] m'---) +7) [ F8'sin 27] w* 
+ [(2103 8! + 18 B*) sin 27 — 3, Be sin dr] w+ ---) !, 
o=A}[3fsin At — $fsin(2 —A)r] p4+[ 34 8 sin Ar 

—116 Bsin(2—A)T] yw 4+---} 

+ Bi[ } feos Ar + | Beos(2—A)7t] ~+[— $4) 8 cos Ar 
+36 Beos(2—A)r] w+ ---} 

+O ' [Boos r]u+ [0] w+ --- 

+ D!{[3Bsinr] 4+ [(—]O8+ 38°) sinz ]y + ---} 


+ 7) [— 3B eos ]u' + [(— $368! + 44B") cos 7] a" +». 


S 18. Non-homogeneous linear differential equations with periodic coefiicients. 
If we have a set of homogeneous linear differential equations 


dr = 
(84) de = 2 90) (i=1,---,9), 


where the @. are periodic functions of ¢ with the period 277, we know from the 
writings of Floquet * that, if the roots of the fundamental equation are all dis- 


tinet, the solution has the form 
(85) w= 2, Aye $,,(t), 


where the A, are arbitrary constants, the x, are constants known as the charac- 
teristic exponents, and the ¢, are periodic functions of ¢ with the period 27. 

Such equations arise in dynamics whenever we study small variations from a 
known periodic solution. If we confine our attention entirely to the first powers 
of the variations the equations are linear and homogeneous, and are known as the 
“equations of variation.” They have been studied extensively by Poincaré in 
Les Méthodes Nouvelles de la Mécanique Céleste. If the second and higher 

*Annales Scientifiques del’ Lcole Normale Supérieure, 2d series, vol. 12 (1883), 
p. 47. 
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powers of the variation are considered equations of the same type arise but they 
are no longer homogeneous. It is necessary for our purpose to derive the 
character of the solutions of such equations when the non-homogeneous terms 


are periodic, even though the period be different from 27. We will suppose 


that the equations are the same as (84) with the addition of periodic terms. 
Case I. 


We will assume first that the period of the non-homogenous terms is 27. 


The equations are then 


i 


le ~ 
(86) Huts + G:(t) (i 5, «++, 83, 
j=l 


where 0,,(¢) and g,(¢) are periodic with the period 27. The solutions of (86) 


may be written 
(87) wv, = Do A,e*',,(t) + ¥,(t) (i=1,---, 2). 
j=l 


If in the differential equations we change ¢ into ¢ + 27 the equations remain 


unchanged, but the solutions become 
(88) av, = Do Aco (t + or) + H(t + 27). 
j=l 
Therefcre equations (88) are also solutions of (86), and consequently 


d “ 
at Vik! + 27) - D9, %,(¢ + 21) + g(t); 
j=) 
also 


d _ 
Vibe) = LAY, (t) + g(t): 
j=l 


Forming the difference of these equations we find 


] n 
(89) yLvilt + 27) — ¥i(t)] =O, [4 (t+ 27) —¥,(¢)] (i=1,---,m). 


These equations are the same as (84) and their solutions have the same form as 
(85), that is 
(90) W(t + 2) — H(t) =D) Ber'$,,(t). 

j=! 


The constants B, in this case are not arbitrary but depend upon the differential 
equations. They may or may not be zero. Equations (90) may be interpreted 


as showing that y.(¢) is composed of two parts, a periodic part and a non- 
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periodic part. We may express it therefore in the form 

Cc iin > ,a,t oy 

(91) Vi(t) = 0,(t) + De Beg, (t)F,(t), 

where @,(¢) are periodic with the period 27, and the /,,(¢) are functions which 


must be determined. Changing ¢ into ¢ + 27 in equations (91) and forming 


the difference y,(¢ + 27) — y,(¢), we find 


(92) H(t + 27) — H(t) =D Berd, (t) lems, (t + 2m) —F,(t)], 


> pat . > ; : 
= > Be $,(t) from equations (90). 


Comparing the coefficients in these equalities we see that 
(93) en" f(t + 27) —f,(t) =1, 


from which we can determine the character of the functions 7, .(¢). 
For this purpose let us define a new function r,,(¢) such that 


a,t 


(94) ry (t) = ef, (t) + 3 


E74. m* 


Then by virtue of the relations (983) the ,,(¢) are periodic with the period 27,, 


for we have 
ajt . pram 
Dear \ — 2%. part 9 
A, (t+ 27) =e ew Jyh + 23) + gan 
at . ,2a;7 


: er -¢ 
= ew f(t) +1] + a 


pat 


= ef,(t) + 7— 
= A, ( t). 


On solving (94) we find 


95 2 =e". i - 9 
(95) Sy(t)= OMA, (t) + sae 


where the A, are periodic with the period 27. This expression for the /,(¢) 
substituted in (91) gives 


-— - B 
(96) v(t) = 0,(t)+ D0 B.o,d, + } et byl t)- 
j=) j=1 oo 


The terms included under the last summation sign are merely terms of the com- 
plementary function. All the other terms are periodic with the period 27. 
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This form for the y,(¢) fails however if for any j 


e-4 * = Z 





that is, if 
a, = C man ¢ — I. 


In this event equations (93) for such values of j become 
(97) F(t + 27) —f,(t) = 1. 
We will define the corresponding value of A, by the relation 
(98) A(t) =S,(t) — 5. 

2ar 


By virtue of (97) A,, is periodic with the period 27, for 


es t + 2a 
A(t + 27) = f(t + 27) — 4 , 
: — 27 
= fa ( t) ane 
= r,.( t) 
Solving (98) for /,(¢), we obtain 
5; t 
(99) F(t) =r,,(t) + 5 _- 
J j aT 
Substituting this expression in (91), we find 
100) t iodic t 2 ‘h(t 
= periodic terms ut : 
( ) Wy, ( ) periodic te ns +5 , > .¢ p, .( ) 
the summation in the last term to be extended over all j such that «, = 0 


mod vy —1. 
We have then the general expression for the solution 


a — t 
(101) 2, > A, e% b,, (t) + periodic terms + on > Be, (t), 


where the summation in the last term is to be extended over all j such that 
a =0modY—1. 
This result may be stated thus: 

TueoreM I. Jf the 0. (t) and g,(t) are periodic with the period 2m and 
if the characteristic exponents a. are distinct and none of them congruent to 
zero mod y —1, then the particular solution is periodic with the period 2. 
If the a, are distinct but some of them congruent to zero mod V —1, then the 


particular solution may involve terms of the form t times the corresponding 


complementary function. 
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Case TI. 


We will suppose that the 7,(¢) are periodic and that the period is different 
from 277. We will suppose further that g,(¢) are expressible in the form 
(102) g{tj= 7 [4,, cos (j+B)t+5,, sin (j+A)t} am o* OE Pt) eo *  £ 28), 

} 
where /“(¢) and f(t) are periodic with the period 27 and 8 is any real 
number not an integer. The differential equations may then be written 


dx. - 
’ 


103 = Oo + ett Bt f(t) 4+ e-d—1B 2/2), 
( ) dt fins ij i, + dt ab )+ i ee ) 
Since the equations are linear we can consider the particular solutions depend- 
ing upon e*—'®! and e~*~'** separately. The complete solution will be the sum 


of the two. Let us consider first 


dx -- 4 
e om . pw-—lprgi 
(104) eG, + FO 0). 
If we make the substitution 
? j = e* 1 Bt Y; 


equations (104) become after dividing out the exponential 


dy 
tf 


(105) i+ '— ly, 2: ~ 9..y, +f (t ). 
j= 


Since 6, and 7‘! are periodic with the period 27 the discussion of the character 
of the y, reduces to Case I. The characteristic exponents of equations (105) 
are (a, — V—18), where the a, are the characteristic exponents for the homo- 
geneous equations (84). Applying Theorem I we conclude that the y, are peri- 


odie with the period 27 provided 
a,=+V —18 mod Y — 1 (j=1,---,n). 
If, however, for any value of j 
a, =} —18 mody —!1 


then, in general, non-periodie terms will arise just as in Case 1. 


The discussion for the second part of the differential equations 


Ter es : 
ns > ee LO) 


shows similarly that the particular integral is periodic if 


a¢—V—I1f (j=1, +++, n). 








rovagpemeree os 
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In equations arising in dynamics the characteristic exponents a, enter in pairs, 
equal but of opposite sign. Consequently for such equations this last condition 


a, —V—I1f8 mody —1 (j=1,++-,m), 
does not differ from 
a¢+VY—1f mod ) — 1 (j=1,---,2). 


We have then the following 
TueoreM II, Jf the @,, are periodic with the period 27, and if the g;(t) 


have the form 
g(t) = > [a,, cos (4+ B)t+ b, sin (k + B)t], 
; 
and if the characteristic exponents 2, are distinct and none of them congruent to 
+ VY —18 mod y —1, then the particular solution has the form 


r= ce. cos (m d. sin(n ‘ 
i= Z [¢,, 000 (m + 8) +4,, sin (m + BE) 
If any of the a, are congruent to = V — 18 mod Y —1, then the particular 
solution will, in general, contain, in addition to periodic terms, terms of the 
form t times the corresponding complementary function. 

Let us suppose that one of the a, is congruent to Y —18 mod Vy —1. 
Then, in general, the solution will contain non-periodic terms. If now the g,(t) 
contain also terms of the form =" (p + q8)t, where p and q are integers, these 
terms will not, in general, give rise to non-periodic terms in the solution, for the 
a, will not, in general, be congruent to Vy —1qg8. Indeed, if 8 is not rational, 
for no integral value of g except unity will Y—1q¢8 = a, But if 8 (and 
therefore a, also) is rational, then certain values of g do exist for which 


oe 1qg8. Let us set 


where i and j are integers relatively prime, and similarly for 7 and J. By 


hypothesis 


I 
——=0 wmodl; 


j ad 
then 


j I 
j “¢3 +0 modl 


unless g = 1+ //J (J an integer). In this event a term of the form 
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“s (p + gB)t can also be written {> (7 + 8 )t (7 an integer) which involves only 
the first multiple of 8, and the solution in gener de involves non-periodie terms. 


Case ITI. 


When two of the characteristic exponents of the homogeneous set are equal 
the preceding arguments are not applicable. Let us suppose that the homo- 
geneous equations are 


Tx. n 
(107) n=" 


but that a, = a,. The solution then has in general the form 


n—2 


r = Lee, (t)+ [A+ Bt led, (t)+ Bed, _ 
Suppose now the given equations are 
=< n 


where the @,, are the same as in (107) and the g; are periodic functions of ¢ 
with the period 277. Let the particular solutions which depend on the g,(t) be 


Just as in Case I we find 


(108) a LY t + 2m) (N= 8, [v,(t+ 27) —¥,(t)], 


and consequently 


(109) (t+ 27r)—y ¥,(t) =D Crerd,, (+ [A+ Bt]em'$, (t+ Beem’, (t)- 
j=l 


The terms included under the summation sign are obviously the same as those 
treated in Case I. Neglecting these we may write 


(110) W(t) = em, (t) f(t) + em by, (OE) F,,-1) (4) + periodic terms, 


where f, (¢) and f,_,,(¢) are functions whose forms are to be determined. 
Let us for m the difference y,(¢ + 27) — W,(¢) by means of (110) and compare 
the result with (109). From (110) we get 
W(t + 27) — w(t) = [ef (¢ + 277) — fF, (¢)] em" h,, (¢) 

+ [em J, n—l ( t ) —/f,; n—l (t)] em’ bh. n—l (t). 


(111) 
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Comparing this with (109) we see that we must have 


em" f (t+ 2r)—f, (t) =A + Bt, 
(112) a ie 
emt fy, y(t + 20) — fy, y(t) = B. 


Let us now define two new functions 


” A’ on Bem= ) Bem 
A,,(¢) mid ee Tin t ) + 1 ar C7 8n™ + ( 1 = e78n™ )? ios + 
(113) . 
Pernt 


E78n™ $ 


Nin—v (6) = OS int (t)+4 


pn 


By virtue of the relations (112), A, (¢) and d,,_,,(¢) are periodic with the period 
2er, and consequently 
Bt 


A’ Oar Be 
+ enon™ _ 1 9 


SF, (6) = eo" FD, (8) E —1°> (e™"—1 
(114) 
B 


E7an™ = | 9 


J, p(t) = ed, ~~ 


where A, (¢) and A,,_,,(¢) are periodic with the period 27. Substituting these 


expressions in (110), we find 


‘ A’ 2a Berar Bt - , 
¥;( ) —_ ( e7an™ ~~ 1 ) es ( e-ant ae 1 ? = (e" ms 1 ) é g,,, ( ) 
(115) 
B = 
+ (eur — | ta $,,,-,,(¢) + periodic terms. 


Comparing these terms with (109) we see that they are merely terms of the 
complementary function and that therefore 


x, = complementary function + periodic terms. 


These results hold provided 2, =0 mod VY —1. In the event 2, =0 mod 1 —1 
equations (112) become 


» 


(116) f.(¢+27)—f,(t) =A’ + Bt, Fu,» (t + 2) — fy, (¢) = B. 


It is necessary to give new definitions to the A functions. We will let 


” ; BB. A—Be : B 
(117) A(t) A(t) — gf —— 9 ty han (t) Serv (t) — 50 
which give 

: y. A~Be ’ B 
(118) I,(¢) = %,,(¢) + gO € + Oar t, ST iin-v(t) = Aj, y(f) +o, 
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It is readily verified that A, (¢) and X,,,_,,(¢) are periodic by virtue of (116). 


Substituting these expressions in (110), we find 


, sail BB. A—-Ba | B | — 
(119) y(e)=e* | Aor o 4. zs tld. (t)+ da? pce | + periodic terms. 


aT 


If we let 
A’— Bor 
Ahn 3 
Qn 


we get 
W(t) = em { [Ct + 3Dt*) $,,(t) + Dtd,,_,,(t)} + periodic terms. 


This expression is not quite the same as ¢ times the corresponding complementary 
function for in one term we have the coefficient } J instead of Y. The theorem 
for this case then is 

THeorReM III. If @,. and g,(t) ave periodic with the period 2, and if two 
of the a. are equal but not congruent to zero mod VY — 1, then the particular 
solution consists of terms periodic with the period 27 plus a constant times 
the corresponding complementary function. But if two of the a, are equal and 
congruent to zero so that the corresponding part of the complementary function 
has the form 


e'(A + Bt)d,,(t) + Bd;,.(t)); 


van 


then the particular solution consists of a periodic function plus a term of the 


form 


e'{(Ct + 1D), (t) + Dtd,,_,(t)}. 


$14. Special theorems for the equations of variation. 


The foregoing theorems presuppose merely the conditions that the coefficients 
are periodic with the period 27. Further facts with regard to the solutions may 
be established when further facts are specified with regard to the coefficients of 
the differential equations. Our equations of variation (51) may be written 
da 


sy = 8.p,  s 0,¢,, 


: dp dp, 
(120) a = Pos 0,p, + O,¢,, 


where the notation with respect to the @’s has the following significance: even 
subscripts denote functions even in tT, and odd subscripts denote functions odd 
in 7; one dash indicates that only odd multiples of 7 are involved, and two 
dashes indicate that only even multiples of + are involved. The solutions, 
equations (82) and (83), may be characterized in the same manner, and are 
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then 
p, = Aa,(t) + Bar) +Ca,(r) + D[a,(7) + 72,(7)], 


p, = AB, (rT) + BB,(r) + CB,(r) + D[B,(7) + 78,(7)], 
o,= AY,(7) + By,\ 7) + Cy,(7) + DE y3(7) + 7Y,(7)]- 


(121) 


o,== Ad,(t) + Bo,(r) +Cb,(7) + D[b,(7) + 76,(7)], 


where the notation is the same as for the @’s with the exception that in the 
first two solutions every integral multiple of 7 is increased by + Az, e. g., 
eos(3 +2)7. On these terms the dashes refer only to the integral part of the 
coefficients of 7. 


Suppose now we have the following non-homogeneous equations : 


dp dp, ( 

dr = Pa? de = 90: + 9,0,+ 9(T), 
(122) 

do, do, : 

dr ~ 72? dt = 0,p,+ O,0,+ f(T), 


where g(7) and /(7) are periodic with the period 277. Since the characteristic 
exponents are V — 1A, — VY — 1d, 0, 0, by Theorem III the solution has the 


form 
P, = (p,) + &, =(p,) + ©,(7) + ata, + b[ 47° a, + 724,], 
_ p, =(p,) + &, = (p,) + @,(7) + a78, + b[47°B, + 78,], 
(123) 2 
o,=(¢,)+ 7, =(¢,)+ (7) + aTy, + OL 379, 4+ TY], 


o,=(0,) +7, =(o,)+,(7) + a76, + b[ 47°86, + 76,], 


where (p,), (¢,) indicate the complementary function and &, and », are the par- 
ticular integrals, of which the . are the periodic parts. The a and b are con- 
stants which depend upon the differential equations. Since the &. and 7, satisfy 
the differential equations we have 


] 
E(t) =E(t), 7 £,(7) = 8,E(7) + On(7) +9(7) 


d ; 
a n, (7) = ,(T), dp aT) = 0,€. (7) + O,n,(7) +f(7). 
Changing 7 into — 7 in these equations, we get 


d 1 
dt E,(—7)=—§,(—7); = &,( —T)=—86,E,( —7)+0,,(—7T)—g(—7), 


(125) ; 7 
( ( . 
n, (—T)=—n,(—T), = n,( —T)=+96,& (—7)—O,n(—T)—f(—7). 


dt 
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If now we make the additional hypothesis that g(7) is an even function of 7 
and f(7) is an odd function, equations (124) and (125) may be combined into 


the following set 


d 


dt 


[&.(7)— &(—7)J=[8(7) + E,(—7)], 


d 


dt 


[&,(7) + &(—7)] =0,[ (7) —&,(—7)] +41, (7) + 9,(-7)]. 


d . 
dz bm(7) + 1(— 7) J=[2.(7) — n,(—7)], 


l 
7, L(t) — ml —7)]=9,[ &, (7) —&,(—7) J+ 9,[9,(7)+ 7,(—7)]- 


These equations are the same as (120). Therefore 

E(7)—&,(—7)= Aa,(7)+Ba,(r) +Ca,(7) + D[z,(7) +73,(7) J, 
a E(t) + &,(—7) = AB, (7) + BB,(7) + CB,(7) + DIB,(7)+ 78,(7) ], 
aa 0, (T)+,(—T)=Ay,( T)+By,(7)+ Cy,(7) + D7, T)+77,(7)], 
n,(7T)—,(—7) = Ab, (7) + BS, (7) + Cb,(7) + D[8,(7) + 76,(7)]. 
Putting 7 = 0 in these equations we get from the first and the fourth 


(128) 0= Ax,(0)+ Da,(0), 0= Ad,(0)+ D8 (0). 


Either A = D= 0, or the determinant 2,(0)6,(0) — 6,(0)2,(0) = 0. But 
it is readily verified that the determinant is not zero. Therefore A= D=0. 
If we suppose that &,(0) = 7,(0) = 0 (we shall be interested only in such 
cases), it follows from the second and third equations of (127) that 
0 = BB,(0) +CB,(9), 0= By,(9)+Cy7,(9), 

and hence B =C=0. Consequently 

E(7r)—&(—7)=90, E,(7) + &(— 7) =9, 
(129) 

n(T) +2, (—7)=9, n,(7)—7,(—7)= 9. 


We have then 

THEOREM IV. Jf q(7) is an even function of t and f(7) is an odd func- 
tion of t, and if &,(0) =,(9) = 0, then E,(7) and n,(7) are even functions 
of t, and &,(r) and ,(7) are odd functions of t. 
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In the same way it can be shown that if g(7) is odd and /(7) is even, and if 
E,(0) = ,(0) = 0, then &, and », are odd and &, and », are even. 

Let us suppose now that g(7) is periodic and contains only even multiples of 
7, and that f(7) is periodic and contains only odd multiples of t. The general 
form of the solution will be the same as (123). &, &,, »,, and 7, satisfy the 


differential equations 


d d 
dr eih7) = (7), da e267) _ 0,&,(7) + 0.,(7) + 9(T), 
(130) 


d ; d . 
dr! ) = 7,(T)s dr U\7) —_ 0,&,.(7) + O,”, (7) +f(T). 


Let us denote &.(7 + 7) by &.(7) and »,(7 -+ 7) by n;(7). Then by chang- 
ing 7 into t + 7 in (130) we have 


' oe ; d ., . 
drei (7) = &,(7). dp eih7) = 0,£: (7) — | (7) + 9(T); 


(131) 
a. ; ds, ; ; 
qe (7) = (7): dr WAT) = — 9G, (7) + 8m (7) —S(7)- 


From (130) and (131) it follows that 


d d 

gr lh — FJ =[6:—- 6), og, [& — &)=8.[8 — £1+ %ln + 2), 
(132) 

d d 


a lntnl=([mt+7],  g,le+m)= 98 — Fi] + % ln + 1). 
The solutions of these equations, which have the form of (120), are 
& — & = Aa,(rt)+ Bar) +Ca,(7r) + D[a,(7) +72,(7) |, 
(188) &,— & = AB, (Tt) + BB) + CB,(7) + D[B,(7) + TB(7)], 
m +9, = Ay,(7) + By,(7) + Cy,(7) + DL, (7) + 7Y,(7)]; 
n, + 9, = Ab,(7t) + BO,(7) + Cb,(7) + D[6,(7) + 76,(7) ]. 
Forming these expressions directly from (123), we get 
E, — & = @(7) — w(t + 7) — [om + fbn’) a7) — br[72,(7) + 2/(7)], 
E, — & = ,(7) — o,(7 + 7) — [am + hbr*)] (7) — br[78(7) + B(7)], 


(134) 
n, + 9, = oT) + @(7 + 7) — [am -}. sha") y (7) — br[ty,(t) + ¥,(T)|. 


MN, + 9, = @(7) + (7 + 7) — [aw + fbr] 8,(7) — br [78,(7) + 6,(7)]. 
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Comparing (133) and (134) we see that 
A=wz B=), C = — [at + lbr’], D=-—bdr, 
o(T)—o(7+7)=90, w,(7) + ,(7 +7) = 90, 
o,(7T)—o,(7+7)=0, o(tT)+o0(7+7)=90. 


Therefore @,(7) and @,(7) contain only even multiples of 7 while o,(7) and 
w,(7) contain only odd multiples, and by carrying this result into (123) we find 


E = o,(7T) + ata,(7) + b[47°o,(7) + 72,(7)], 
E, = @,(7) + a7B,(7) +b [37°B,(7) + 78,(7)], 
n, = @,(7) + aty,(7) + 6[37°9,(7) + TY,(7)], 
n, = @,(7) + a76,(7) + b[437°6,(7) + 78,(7)], 


and hence we have 


(135) 


TueorEeM V. Jf g(t) contains only even multiples of t and (7) contains 
only odd multiples, then &—, and &, contain only even multiples of + and y, and 
n, contain only odd multiples. 

If in addition to the above hypotheses we suppose that g(7) is an even fune- 
tion of + and f(7) is an odd function, then &, and », are even functions of 7 
and &, and », are odd functions. Thereforeb=0. But if g(7) is an odd fune- 
tion and f(7) is an even function, then &, and 7, are odd functions and &, and 
n, are even functions, so that in this event a = 0. 

In the same manner as above we prove 

TueoreM VI. Jf g(t) contains only odd multiples of + and f(7) contains 
only even multiples, then E, and &, contain only odd multiples of + and y, and 
n, contain only even multiples. Furthermore &,, &,, 


: , and , are periodic 
with the period 27. 

If g(t) is of the form )).m,cos(j7+2)7 and f(r) has the form 
> n, sin (j + X)7 then, since + VY — 1X are the characteristic exponents of the 


homogeneous equations, the form of the solution is, by Theorem II, 
E = 2 Pi’ 008 ( k A)r+ Lv sin(A+2A)t + a74,(7) +a”724,(7), 
i= > 7? cos (kK=A)T + Dog sin (kK 2A)t + a 7B,(7) +a%7B,(7), 
" 


: 
(136) 
= >? cos (k+— A)T+ >) sin (k22X)7r+ary,(7) + a” ty,(7), 
P i 


n, = >, 8) cos (k + 2)7t + D8? sin (kK 2A)t + a76, (7) + a 78,(7); 
k k 


but since g(7) is an even function and f(7) is an odd function, & 


Trans. Am. Math. Soc. 7 


, and 7, are 
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even functions and &, and », are odd functions. Therefore all the coefficients in 
(136) which have the upper index (2) are zero. But if g(7) were an odd fune- 
tion of 7 and /(7) an even function then all the coefficients in (136) which have 
the upper index (1) would be zero. Therefore 

Tueorem VII. Jf g(7) is of the form Ym, cos(j +r) and f(7) has 
the form Yn, sin(j + 2)T, where + V — 1A are the characteristic exponents 


of the homogeneous equations, then the particular solution has the form 


& = dp, cos(a+2)7t + Ata,(T), 


&. = > p, sin(b + 2r)t + AtB,(7), 


b 


n, = Dop, sin(ec +2A)t + Arty, (7), 


N, = > p, cos (d +2r)r+ Aré,(T). 


Also, 
Tueorem VIII. Jf g(r) has the form >; sin (j++ 2)t and f(7) has 
the form : n, €OS (j+A)t, where + V — 1d are the characteristic exponents 


of the homogeneous equations, then the particular solution has the form 


= > r sin(a+2)t + Bra,(r), &. = pi r,cos (b+ 2r)t + BrB (7), 
“ b 

n, = dor, cos(c + r)t + Bry,(r7), n, = dor, sin(d +r)t + Brd,(7). 
ri d 

It is understood that in the above two theorems 7, b, c, d, and j are integers. 


$15. Integration of the complete differential equations (50). 
It will be convenient hereafter to use the following notation for the solutions 


of the equations of variation : 


p= Aa,(r) + Ba,(r) + C2,(7) + DE a,(7) + 72,(7)], 
(137) é 
o = Ay,(t) + By,(t) + Cy,(7) + D[¥,(7) + TY,(7) J. 


The « (7) and y,(7) are characterized thus : 


a,(7) involves only terms of the form cos [(2” +1) +2] 7, 


1,(T) +“ s “ «0 «4 «¢ ga [BanxtAlr, 

a(7) “ o « « «© gin [(2n +1)2A]F, 
y,(7) “ oo “£6 «+ ool &aAl+, 

a(T) * “ “4 «8 sin [2n] 7, 

71,(7) m “6 wo & cos [2n 41] 7, 

a,( 7) “ “ “ee © @ELSel 4, 


¥,(7T) “ « “ «8 «+ © gp ide 4st) +. 
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It will be convenient also to write the differential equations for p and o@ as 


Pp + 0,p + 0,0 _ I € + OP + 9,,,P° + A + BF 7 


a” + O,0+ O.p = OP” 2 9, Po + B97 -: 


where all the @’s are periodic with the period 27, and @, and @, contain only 
cosines of even multiples of 7, and @, contains only sines of odd multiples of 7. 
On the right side of the first equation the coefficients of terms carrying odd 
powers of o contain only sines of odd multiples of +. All the other coefficients 
contain only cosines of even multiples. In the second equation odd powers of 
o have coefficients involving only cosines of even multiples. All other coeffi- 
cients contain only sines of odd multiples. 


The initial conditions are 
pP=42, o=Q0, p =0, o = 6, 


We will integrate equations (138) as power series in a, 6 and €, 7 entering into 
the coefficients. From Poincaré’s extension of Cauchy’s theorem we know that 
these series are convergent for any arbitrarily chosen interval for 7, 0 =7= 7, 
provided |a|, |8| and {e| are sufficiently small. The equations of variation 
involve the period 27/A. The solutions are not periodic unless 2 is rational. 
Hence 6; must be chosen in advance so that 2 is rational. We will suppose 
then that \ = J/ A’, where J and X are integers, relatively prime. Then three 
solutions of the equations of variation are periodic with the period 2 A‘7. 


Since p and o are expansible in powers of a, 6 and e, we may write 
ioe Pino +> Pry + Pooi€ 7 Payy% + P97 + Pro + Pini F€ + Py S€ + Pays + as 


F = Figgt + F490 i Font + F yy gh 4 O28 + F yoy” a F 19 HE + Fy PE + Cuff + ee 


100 
Substituting these expressions in the differential equations (138) and equating 
the coefficients of similar powers, we have : 
Coefficient of a. 
Pree + 9, Pi) > 9, F145 baa 0, 
Wiis + Cm. + 9. Pi eed 0. 
The solution of these equations is 


Pry = At,(7) + Ba,(7) + Ca,(7) + D[a,(7) + 72,(7)], 


Fy = Ay, (7) + By,(7) + Cy,(7) + D[¥5(7) + 7y,(7)]- 


100 


In order to satisfy the initial conditions we must have, at 7 = 0, 


0, Pin = 9, Cm 0. 


Pm =1, Co 


100 = 
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From these conditions we find 
Aa,(0)+ Da,(0)=1, 
Bai (0) + Ca,(0) = 0, 
By,(0) + Cy,(0) = 0, 
Ay, (9) + D[y;(9) + ¥,(0)] = 0. 


(139) 


The solution of these conditional equations is 


_ 3(9) + ¥,(9) 


Bad, ABOVE. ay, 
(140) 
0 
C=0, D = — = ) = A®,, 


A = 2,(0)[4,(9) + 7,(9)]—2,(0) (0). 
Hence the solution is 


(141 Pin = A"), %,( 7) + A too L % (7) + 74,(T)], 
) 
Fig = Ain, (7) + AX [75 (7) + 74,(7) ]. 


Coefficient of 6. 
a + Ct. + 9, For = 0, 


(142) 


Fig t AS + A Pyy = 9- 


010 4” O10 
These equations are the same as for the coefficient of «. From the initial con- 


ditions we must have at tT = 0 


Poo = 9, ad = 0, Pio = 9, g,, =1. 


volo 010 


The solutions are 
Pow _ i, %., | T) > Mets [ ,( T) + 74,(7)], 


(143) : 
| Fy) = AV, (7) + AR, [¥3(7) + 7Y,(7)], 
where 
) o a,(0) 12 _ 4,(0) 
4tonx9™>”~ A 9 “—— A . 


Coefficient of €. 


Pins ss 9, Py, + 9,0) — 6.45 
(144) 7 
Foo + 9, F., + 9, Pro, _ 0. 
The right member, @,,, , is a periodic function of + with the period 27. Further- 


va) ed 


more it involves only cosines of even multiples of tr. Hence by Theorem V the 
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solution has the form 


Pon =A4,(7)+ Ba, (7)+ Ca,(7)+D[a,(7)+74,(7)] +4,(7)+072,(7), 
(145) 

Fy, = Ay, (7) + By, (7) + Cy,(7)+ Dy, (7) +7y,(7)] +7,(7) +47y, (7), 
a,(7T) is a cosine series involving only 


where @ is a constant depending on @,,,, 


even multiples of +, and y,(7) involves only sines of odd multiples of 7. 
From the initial conditions we must have at tT = 0 


Poon — 0, ©, ae 0, es = 0, a’ = 0. 


ool 001 


Determining the constants of integration so as to satisfy these conditions we 
have the solution 


146 Pon = AY, a,(7) + Aso [2,(7) + 74,(7) | + %,(T), 
( )) as P 

Fw — A”. 9,(7) + Fad [ y;( T) + Ty, (7) | + %(7)> 
where 


1 
iz, — A [a,8; = a,(B,, + B, )]; 


, ; 
se. ae [a,8, = a, B.]; 


a,(7)=a,(7)—aa,(T), %(7)=%5,(7) — 2%5(7). 


It will be seen later that the value of a,(7) for t= 0 plays an important role, 
so that it is necessary for us to verify that it does not vanish. By hypothesis 
a.(7) is the periodic part of the particular solution for p in the differential equa- 
tions (144). Let us put in these equations 


Por =P +472,(7), Fy = H+ aTy,(7), 
where ¢ and y are the periodic parts of the particular solution. We find 
$" + 0,6 + O,y = — 2aa,(7) +14 if 30; + $8") — 3B’ cos 27] py? + ---, 
v' + O~+ 0,6 = — 2a8,(7); 


or, 


$+ 0,6+ O,.~ =1 + [(— 30; + 38’) — 2(a, + 3) cos 27] pw’, 
wv" + Ow + Oy = — 2a,8 sin tu +---, 


where we have substituted 
a@a=a4,+ 4h +::-- 
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The functions ¢ and yW can be expanded as series of the form 


=>, +o +--°, y=vet vet. 


Then we get 





¢, +, =1, so that , = 1 + ¢, cos 7, 








vi + ¥, = (38 — 2a,)A8sin 7 + 3Be, sin 27. 
Since y, is periodic we must have a, = 3, and then 
vv, = ¢, sin t — 3c, sin 27, 
b; + d, = — }c, 8’ cos t + other terms. 
Since ¢, is periodic we must have c, = 0. Therefore 
@?=24,(7)=1+ yp P,(p’), a=3;+eP,(p), 


a(7)=90+ [38° + 3S’ cos2r] y+ ---. 
Consequently 


(149) a(0)=24,(0)—aa(0)=14+wP,(p’), 


an expression which does not vanish identically. 
Coefficient of a. 
> 


Pony + Fe Pag A Fs Foy, = Lago s 

(150) 
Fin FI Say + Ys Poy = Soyo « 
The right members of these equations have the following expressions : 
R,,, = AM [8,42 + Os %%, + oo ¥? |] 
+ AY, AM [29g %( TH +H) + rig { Me (TY, +3) +4, ( 7%, + ,)} 

+ 26,1, (7%, + ¥59] 
+ AVY [Oayy( 745 +)? + Orig ( 7% +) (TY +z) + Pan TH + Y5)7] 
A [82 + 9,10, + Boon ¥? J 
+ A\l), A® [28,,,0,( 7%, + 4,) +8, {a,( TY, + Y5) + 7,( 7%, + a,)} 


Zz 
I 


+ 26,57, (7%, + 5) ] 
+ APi[8,( 7%, + 2)? + 9, (7%, + 2,)( TY, + %5) + Fy ( TY, + 5)*]- 


The initial conditions are 


Pay = 9, *, = 0, Pom = 9, C1, = 0. 


200 2 
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Since equations (150) are linear, and their left members have the same form as 


(51), the solutions will have the form 


Px = Az, + Ba, + Ca,+ D [ 72, + 2, | 


+ Ald (7) + A), A® b,(7) + AZ’ d,(7), 


(151) 
,,, = Ay, + By, -+4- Cy, 4. Di ry, } Y, | 


+ Alp, (7) + Aj, AP, v, (7) + AZ wv, (7). 
Imposing the initial conditions we find 
B=C=0, 


1 _ ¥(9)a,(9) — $,(9) L7,(9) - 7;(9)] A 1)? 
a= A = 


100 
¥,(9)4,(0) — (0) [7,(9) + ¥,(9)] ga, ges 
+ A A 100 A 100 


(0 )a,(0) — (0) [7,(0) + ¥,(0)] 42? 
. A AG 


p= 69) 1(9) — ¥,( 0) 2,(0) gon? g PL) N(0) — (0) a9) 
_ A “* 100 A - 


0)y7' (0)— wv. (0)2,(0 ‘ 
4 Pst vi ( —— ) Hy ( Az? 


Substituting these values in (151) we have 


P29 _ A uy v ( 7 ) + A dl A MT | T ) vv 4 I oF ot J ) ’ 
(152) ‘ , a 
Toy = A at ( T) + A A A eal?) si A a y;( T); 
where 
(9 )a,(0) — 0)[7,(9) + ¥5 (9) 
v(t) = (1) + VW) f(t 3000] (7) 


0)7/(0) — Wi(0)a,(0 
4 Al )¥(9) — ¥,(9 ) 2 ) [a,(4r) + 7% (7)], 


A 


) 


(0)2(0) — 6, (0)fy,(0) + ¥/(0 
citmiiteha = )a, ) aes Y; ae 


, P.(9)n() — (0) 2,(0) 


A [¥,(7) + TY,(7)], 


and similar expressions for ,, y, and x,, y,, which we shall find later [equation 
(172)] do not interest us. The characters of «, and y, are known with the 
exception of ¢, and y, which we will now investigate. The functions ¢, and y, 
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are those portions of the solution of the differential equations (150) which depend 
upon the coefficients of A’. These coefficients are homogeneous of the second 


degree in a,(7) and y,(7). In #,, and S,,, the expressions 


20 
é,.,@.. and @.,. contain only cosines of even multiples of 7; 


200° lo 020 


ae and @,,. contain only sines of odd multiples of 7; 


aM = 020 


2,(7) has the form a, = pat cos [(24 +1)+ A] 7; 
: 
y,(7) has the form y, = 2, sin ™ +A]r 


Consequently, so far as the coefficients of A\'), are concerned, /?,,, and S,,, have 


100 200 


the form 


 - = - da! cos Qht - La cos [ 2): + 2r] T } } AW 4 2 


S,,, = pL sin (24 4+ 1)7r + as sin [(24 + 1)+2A]7} Aw +::- 


By Theorem II terms involving 2, give rise only to periodic terms in the solu- 


tion whose period is 2A7. By Theorem V those parts of p,,, and o,,, depend- 


200 
ing upon the terms in 72, and S, which are independent of 2» have the form 
D5 i) 200 


= p,(T) + c7a,(T), o = p,(T) + eTy,(T) 
respectively, where p, and p, are periodic with the period 27. Consequently the 
characters of ,(7) and y,(7) are 
(153) w, (7) =, (7) + ¢,72,(7), Y,(T) = ¥,(7) +¢,7Y,(T), 
where ¥, (7) and ¥,(7) are periodic with the period 2A7. 
Joefficient of a6. 
(154) pi + 9, Pi, + 9, F119 _ Ris Fi + 0 Fo + 0. sPiw = Ono 


where 


R yy = 2AM, AM, [ayy 2 + 19% + Yoo ¥? 
+ [AY A? +A® A”) [20,,,0,(72, + 2,) + 9,,,{7,(7%,+2,)+2,(7Y, +7) } 
+ 24,7, (TY, +s )] 
+ 2A, A Po [Fan (TH A 2)” + rig (TH, + Hy (TY, + Vg) + Fo09 (7H, + Ys)? ]s 
S19 = 2AM, AML 8,42 + 8.15%, + Finn V? | 


110 100 


+[4 i ae A [2 28 (o( of TE. ,+4 FI iM (2, s+, )\+2. ATY,+;)} 


aor 


+ 2850 (TY; + 3) | 
+2 A ~ é 1°) [0,59 (74, + a, )° + 8, (7, + a,)(TY, + Ys) + yoy (TY, + Ys *). 


100 
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The functions 72,,, and S,, differ from 72, and S,, 


110 lle 200 
The initial conditions impose the same conditional equations. Consequently the 


only in the constants A, 


solutions differ only in the constants A,,, so that we can express them at once 


without computation : 


Pi —= 2 At Aon (T) + [A ad A‘ A a AN 1% (7) + 2. “we AS 3 


6, =2AY, AM y, (7) + [AD A® + AP AY ]y, (7) + 2A, A® y, (7), 


lly 100 ol 100 O10 
where the #,(7) and y,(7) are the same functions of 7 as before. 
Coefficient of &. 


By symmetry with the coefficient of it is seen that 


Pox = Ae, ( T) + Fd Atty 2 ( T)+ aS oa, T)s 


(156) d . wes 
F909 — A o. (T) = Psat A™, Y( ¥ ) = AG, ¥3(7 ). 


Coefficient of €. 
Since the coefficients of the first powers of « and 6 were homogeneous in the 


A, 


ij le 


Ay, of the second degree. The coefficient of the first power of ¢ is not homo- 


geneous in the A,..5 hence the second power is not homogeneous. But if the 


_of the first degree, the coefficients of a?, 28 and & are homogeneous in the 


functions a,(7) and ,(7) were zero the coefficient of the first power of € would 
be homogeneous. By symmetry therefore, we can at once write down the terms 


involving the A,,, to the second degree. To these must be added terms in the 


first degree and one term independent of the A,,. 
The differential equations are 


Pros ss 9, Pros - 9, Foo _— Rives 


” Y 


Fou2 + 6, SF w2 + 9. Pigs —_ Soo2 3 
Bus = CMa + a + Rens + Cosi 


9 


Soe al Gaon +> 9 10Poo Foo - Gaga - 
The terms involved in these expressions are shown in the following table: 


Roo» 


(1) 42 


2) Multiplied 
001-* O01 


Term A A(2)" y 
001 by 


Poor 3 , 2a,( 7a; -+ 4,) (ra; + a,)? : "209 


Pare 71 ( Ta, + a,) 
) , 
— + a, (77, +73) 


2 
001 


Poor 
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In order to obtain the S,,, it is necessary in the above table only to change the 


6... in the last column into 0... 


The solutions of equations (157) may be expressed in the form 


Pomw= Ai (7) +A, Ap #27) + Asi 4(7) + AQ, w(t) + AQ, (7) +7)» 


(158) 
oC o6p= A ae y,(7) + A” A =. yAT)+ A = y(7) + ae y(T7) + AS Y(T)+Y,(7)- 


The coefficients of A‘), in the differential equations are homogeneous of the 
first degree in a, and y,, every term of which involves the first multiple of Ar. 
Hence the solutions for these terms by Theorem II involve non-periodic terms, 
and we can write 
we,(7) = P,(7) + ¢,74, (7) + ¢,74,(7), 
(159) sie 
¥(7) =%,(7) + 79(7) + ¢,7% (7); 
where °,(7) and ?,(7) are periodic with the period 2A7. As is seen from the 
table, »,(7) and y,(7) do not involve the A. They have therefore the form 
x,(7) = %,(7) + ¢,74,(7), 
(160) vie 
Y(T) = 9,(7) +¢,77,(7)- 
It will be verified in (172) that we do not need to know the character of x, and y,. 
Coefficient of ae. 
The differential equations are 
Prot + 9 Py. + 9,045, _ Bins 


(161) is 
Mo + 8.255, . 6, Pro = Siro 


| = Poss [ 2PinoPoor | + af + a + Prog 26 se0% eer | + 9.01 Pree 
S, il - Pas [ 2P se Poor ] + _* [ Piow Foor + Poot Pont + 8 0 26 50 Foor | = 


The following table shows the character of the terms entering into these 


expressions : “ 
» 
Ryo 
o (1 1 1 2 (2) 4) o att) 22 ! 2) Multiplied 
2A jo9 Aou1 A joo 4001 T Ajo Agni 2 1io0-loo1 Ay ) Aw e P 
Pi00 001 a3 Zar, ( Tag + ay ) (Tas + a )? Qa, %, Qag ( Tas + a, ) Doo 
p Cog 11 Tae a, ) ‘ft 
100 7001 a 1 3 ‘ (rattan, ) (77, + ¥9) on A 4 ) A 
fa 2/1 pw oy 3 4 47/3) %s1 2/6 a ee 110 
Poo 7100 a ( T74+ 73) Ye ( Taz +a, ) 
2 9. r . - . 2 . OS - ~ 
F100 % 001 41 271 (77 r Ys) 774 43) 2136 276 (774 T Ys) Ao00 


ay ( Tas ay ) 01 


100 


In order to obtain S,,, it is necessary only to change the @,, in the last column 


into @,,. This table shows that 2,,, and S,,, differ from 22,,, and S,,, only in 


101 
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the constants A,,. Since the initial conditions impose the same conditional 
equations as for the coefficient of e? we can at once write down the solution 


Prot — 2A Psd vr, ( T ) + [ A A Fwd + A ay Fd ]*, ( T ) 


oo 


-_ ZA® AG 


100 oo* 


, r,(7) + Ala, (7) + AR 2, (7), 
(162) 


° 


=2A oe A on % ( T)+ [ A io At ? A ae yp ]y.(7 ) 
+ 2A a a, Y5( T ) + A ital T) ~~ A caotte’ T ) 
Coefficient of Se. 
This coefficient can be obtained by symmetry from the coefficient of ae by 
permutation of the first and second subscripts of the A,,. Therefore 
Pon = 2AtN, 4S. v ( T) + [ aS 4G + &Z. - EA T) 
a 2 Ato aS, r,(T ) + Ann, (7 ) + Ayo %s( T)» 
-” 2Ay\ Ain y,(7) + [ Avvo Ay + Avo Av Jy¥2( 7) 
+ 2A®, Fd Y;(T) Ss AY, T ) si At, ¥5( T) ° 
This coneludes the computation of all terms up to the second order inclusive in 


a2, ande. In order to establish the existence of the periodic solutions it is not 


necessary to carry the computation further. 


$16. Existence of periodic orbits reéntrant only after many revolutions. 


We have chosen the initial conditions so that at t= 0 the particle is crossing 
the p-axis orthogonally. It is obvious geometrically that if at any future time 


it again crosses the p-axis perpendicularly the orbit will be a closed one and the 
motion in it will be periodic. The conditions that the particle shall cross the 
p-axis perpendicularly at t = 7’ is that at this epoch 

p =o=0. 

The equations of variation have the period 2A. Therefore we shall choose 
7’ = Kr. Since p is an even series in 7, and a is an odd series, all the purely 
periodic terms in p’ and ¢ are sines and consequently vanish at r= Azr. The 
terms which do not vanish must carry 7 as a factor. The conditions for 
periodicity give us two equations, namely, at t= (7, 


, 


Pp =90=4,,,44 a8 + ay, € + Ay B+ G06 
av  @ a 1 0€ + G6 + --- 
(164) HF yyy OF Ayyy HEH Ayy OC H Aggy + 
0 i Biyy + buy > Buoy € > Bay % + by) %0 
+ By, O° + b,,,2€+ 4, be + b.€ + -°: 
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where a, and 5, are the values derived from the series just computed. Their 
values are as follows : 


nia Gio — A 100 © ’ Avy —_ a u, oy = yo u, 
(165) 
00 = “Aiwa Us Riss = 41519» = = Ahoy Us 
_ Aiyr= 1 2) = = 
Ong Al), + An), Ate ie + Be Bes 
1" = 1 >= = 
Bs = A 10% + A 10 AS 100. Y, + A i043 


‘110 = 2. Ao Moro > [ 4 ae + 010 + A eae la Ws + 24° A® Z., 
‘wl a. AN Avot + [ - Bre Aico a Ao Mee 8 Y + 2 2 Bn AS. 


= Az, + Aj, A : ¥ + A 0 


010 O10 


. - AMny, + ag, a4 + A‘ 10. 


A”, AY 2, +[ AY, A? +A pogo i +2A® A® &, + AN 2, + AD, 2.5 
Diy, — 2. ad 7 - [ A” A “ Fd i = fo oa +2 e A® A259 Y + ANY, + A® 99 


vol 


oa aS x re, +[ - a 001 i A®, 12 p+ 22 Aa ms AP 2, + AG 2,9 
by, = 2A), « (5 +[. ae oul A Reed 1), 1% + 2. de, 5 at 109s + 4 Ao 9 


lyn = AYE, + AY A® F, + AF, + AVF 4+ ADE +43, 


oul” 4 
Bigs Ay, + A A eS. +— AD, + AW Ys + A® ¥; + Ios 


where 
I dx, F 
u=Kr 7, v=hkry,, 
(166) 
_ de a . 
2, = dt ‘ Y;, = Ys at 7 = Ar. 


Let us solve now the equation (164), p) =0, for ¢ as a power series in a and 
5. We obtain - 
(167) e=e ate d+e,07% +6,06+ 6,8 + - 


where the coefficients ¢,, have the following values: 


Doo Voy — Bio “ior Goo + Ayo Woo 
é£=—->— ° . 
. a, 
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a a 


boon oll Ding ool 
Goi 


or By C10 oor +> Looe “i0 
Con 


9 
Qin Ay Coon + =o a 


100 “or0 


9 


Solving now equation (164), o = 0, for ¢ in terms of a and 6, we obtain 


(168) 


where the €.. have the 


same expressions in the b,, 


Subtracting (167) from (168), we have 


(169) 0=[€,—e,,]Ja+ 


[é.- €, JO + [Eye] @ + [€..—€,] 


. : e ; , 
We must now examine the coefficients of this series. 


Lé, 10 
(170) 


[“.—€¢ 


Both of the linear ter 
degree terms is somewhat more complicated. 


if we observe that the 
in w and 2. 
it. 


Substituting 


in Gio __ 
Gyn 


(171) 


low 


a 


oOu2 


a 


ool 


in these fr 


b {°>) 4 A@ 


100 “* 100 


& Ae 


001 ool 


b A? 


Oo o10 & 
~ 6, 2 


001 oor 


én i= —_— Ling 
E19 oe 


Loo, 


¢,)]= — Gio 


Aoi 


u 


“* 001 


A® 


oro 


s"# 


ool 


ms therefore vanish. 


From (165) we have 


Bony 
tf 
Lon 


a a 


100 "101 a 


002 


Bo . 
a 


Low ool 


actions the values of the a; 


wv ° 


A®, A2r 24 


100 001 "U 


of 


1" A(2)° 1 1) 
Aw Aa u + PA 100 


Ae 3 as [— 


u 


A «A 


A" 


vol 


1a AY. 100° AY 


” of 
— 242? 4eri3 Aa 2 | 
| hom | u = 100 ~ 


100 * 


o 9 
2)° 2" Ail 2 
1 AO Ag, = “te AS 2 


4 
100 


que —t 4 
Ti 


100 


92 1 
A 109 > ud 


oS 


100 © 


AG A 


' 

as 
—--+ 
u 


= E94 + é,, 6 + E49 @ + €,, 26 a Eo" a ar 


as the e.. have in the a, 
m y kim 


o° 


ad+[€,,—€,.]O+--- 


a 


5 


” 


The computation of the second 

It simplifies matters somewhat 
€,, have the same expressions in v and the 7; as the ¢,, have 
It is sufficient therefore to compute one and derive the other from 


, from (165) we get 


oH 


u 


001 


— Ail a 


saa naee? 001 


{‘° 


001 


4 > 


et. A?” Ae 


ool U 100 Col oe 


» » J 


ol 


u 


A? A? 


100 001 a 
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For the sum of these three expressions, there results 
4"! A? AY 2 
Ey Ae ile ade — 100 + A U 
(172) ool F 
1 2 u, 2% 
—[A wt {oo yw oa A 100 u +> Fwd U ¥ 


the coefficients of %,/, %,/u and %,/u vanishing identically. This is the reason 
why it was not necessary to compute ,, #,, and x, in (152) and (158). 
Changing the 7, into 7, and wu into v gives us —é€,. Hence 


[€0— €»] = a ! [A®, A®, — A? AY}? |=: ae | 


“* 001 


9 dD 2 (2) ( z y : 9)2 a. Is | 
= a5 43 Fad a a Ae | = _ 4 1 A Z| U — |) ‘ 


But [ x _/u on y,/v ] and [ ,[u — ¥, [v] both vanish since 


(173) 


, =C les Y, =C,t . =H CU, Ye = Cyr > 


as is readily seen from (153) and (160). It is also seen on referring to (159) 


that [%,/~ —7,/v] does not vanish, but is equal to 


vy 4 ‘ 1 da, Ye 
——_—-—=, _ ‘ 
u v 2) u dt D I ake 


A 2 [4 wi rs —s Perea 1] vy I; 
A o u v ‘ 


Hence 


(174) [€,,—€,, ]}=— 


Without repeating the details of the computation we find in a similar way 


we - 2 1° f {\' 1o0* i Sle > 4 {' AP i 0* = ie sa 

(175) [e,,—¢, J=— 7 A? a1 va) | stl 
"2 - AG Age Ae, —_ i ae ] *, I, 

(178) [ea fd = — Age | -4]. 


Substituting these values in (169), we find that the second degree terms in « 


and 6 are factorable. Thus (169) becomes 


1 [x —] ’ ; 
0 = | : AS A a AD 4M \a 
(177) pa [+ 100 % a0 mike Ai 100 A001 ) % 
+ (AY A® — AD AD)E 4... 


Oo 001 O10 ool 


There are therefore two real solutions for 6 as power series in «. Substituting 
these values of 6 in (168) we find the two corresponding values of ¢€. In this 


manner we find: 
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First solution. 


1007" Oo a** ool 


om ai s me ‘ain itis ~ ee, + 
(178) 


1 4 2 ! aa" a 
A”) A?) — A® A y—ay, 
= oi 
01047 001 +* 01047 001 
A”) A® — A” Ai 
ee loo oo loo oOlo 
aa {°° “Ww hee 


o10 “A001 — G10 44 001 
Second solution. 


Ae A ( 0 ) 
° a = @ 
a,(0) 


ga He +---=¥,(0):a+---, 
“* O10 

(179) 

4 100 a. 

a Ae 5+.--=0-a4+..-., 


4 001 ool 
where a, and y, are the quantities defined in (147), and y/(0) is the value of 
dy,/dzt for 7 = 0%. Thus one solution for ¢€ begins with the first power of a 
while the other certainly does not begin before the second, but in both solutions 


6 begins with the first power of «. 


S17. Construction of the solutions having the period 27. 
3 ) g / 

We have just proved the existence of series for p,o and € proceeding in 
powers of the initial value of p (let us call this value ¢).* The series for p and 
o are periodic in t with the period 2 A7, and since this condition holds for all 
values of e sufficiently small each coefficient is separately periodic. The series 
for p is even in 7, and the series for o is odd in t. These series have the form 

P= Pie + Pre + pie to 
(180) o=ae+oa,e+o,e4+--- 

e=eetee +ee+.---. 
We may substitute these series in the differential equations and integrate the 
coefficients of each power of e step by step, and determine the constants in 
such a way that p and o shall be periodic, and satisfy the initial conditions 


(181) p(0)=e, o(0)=0, p(0)=90, a(0)=6, 


where 6 is a constant at present unknown but to be determined in the process. 
Substituting the series (180) in the differential equations (138), we find for the 

coefficient of the first power of ¢ 

(182) p, + 9, p, + 0,0, = vn Es a, + 0,0, + 8p, = 0. 


* The reason for changing a to e is that this parameter corresponds to the eccentricity in the 
two-body problem. 
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Since by the condition of orthogonality p must be even in 7 and o odd in 7, the 


solution complying with the condition is 


p, = A”a,(7r) + D! [ ta,(7) + a,(T)|] +¢,[ata,(7) + a,(7)], 


a, = Ay, (7) + D”[ty,(7) + ¥,(7)] + [ery (7) + 9,(7)], 


(183) 


where a,( 7) contains only cosines of even multiples of 7 and y,(7) contains only 
sines of odd multiples of 7. 
In order that this solution shall be periodic it is necessary and sufficient that 


D» = — deé,. 


Upon imposing this condition the solution (183) becomes [see eq. (146) | 


I 


A a,(7) + €,[4,(7) — aa,(7)] = A’a,(7) + €,4,(7), 
(184) 
o,= A''y, (7) + €[ ¥;,(7) — ay,(7)] = Ay, (Tt) + €,¥,(T)- 


It remains to impose the initial condition that p, = 1 at 7 = 90. From this 
condition we get 


(185) l= Aa, + €,4, 


where %, and 2, denote the values of these functions when t = 0. 
Coefficient of &. 


p, + 0, p, + 0,0, ‘oat Aun €s + Bin Py + By Pi + IP o, i Bay Fi = R,, 
(186) | e «ue - , 
oc, + 6,0, + 4. p, - OP + Pi % + BF = S,. 


Every term of 22, and S, contains either A“, €, or €, as a factor. Arranged 


in this manner we have the expansions 
R= AO [Oy 02 +1, 5% + Yoon ¥?] 
+ Ae, [ 20,,,4,.4; + (4%, % H+ %%y) + 2% yy, % | 
+ 3 [00 + 8,55 %%5 + Opn VE + My, %] + EL ms J 


Sas Ol [8,2 4. 8 Xs FO snl? }+ Ae, [28,,,,2,%,+9,,,(%,%,+ 1,94,) +28 0s Ve] 
v [0,27 > Bs, % Vg > a Fal , 


In order to understand the character of the solution of these equations we must 
examine the character of the various terms. The coefficient of A‘ in both 
f, and S, is homogeneous of the second degree in a, and y,. Its expansion 
therefore involves terms carrying 27 and terms independent of A. By The- 
orem II the solution for the terms in 2A7 is periodic. The terms independent 


of X are cosines of even multiples of 7 in /2, and sines of odd multiples of 7 in 
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S,. These terms have the same character as those in the coefficients of €? and 
e, and may be considered under the discussion of those terms. 

The coefficients of A''e, in both &, and S, are homogeneous of the first 
degree in a, and ¥,, all terms of which carry the first multiple of Av. By The- 
orem VII the solution for p, will carry the term ta,(7), and for o, the term 
ry,(7). Non-periodic terms of this character do not arise elsewhere in the 
solution, hence, in order to avoid them, we must take either A' = 0 or « = 0. 
If we choose A''’ = 0, then, by (185), €, is determined so that we must have 
e, = 1/2%,, thus agreeing with the first solution (178) of the existence proof. 
But if we choose €, = 0 so that by (185) A = 1/2, we are in agreement with 
the second solution (179) of the existence proof. We will commence by devel- 


oping the first solution. This necessitates the choice A'' = 0, €, = 1/7,. 


First solution. 


Since A’ = 0 all terms in R, and S, which carry Av or any multiple of it 


vanish. There remains 


Re, _ € [ Pray %5 + 9.10% Vo + Bony Vi + |” %, + €, _* 9 
(187 a va se 
S, €| [ By % + 919%, Vo > Taste | a 


We have also 


a,.( 7) 
a 


Ve! T) 


Mm. 


6 6 


(188) Ao 


J 1 ] 
It is easy to characterize 2, and S,. #, contains only cosines of even multi- 
ples of +, and S, contains only sines of odd multiples of t. Since p, is even 


in t and o, odd, the solution satisfying this condition is 
p,=A” a,(7)+ D* [ra,(7)+a,(7)]+[0,(7)+4,7%,(7)] +¢,[%,(7)+e72,(7)], 
o,= A®*'y,(7)+D* [7y,(7)+,(7)] + [o,(7)+a,7y,(7)] +e,[¥,(7)+a77,(7)]. 


In this solution the terms are grouped according to their origin. The first 
two terms are the complementary function. The third arises froin the terms 
carrying €; as a factor. The fourth arises from the terms carrying €, as a 
factor. a, is a constant depending upon the coefficients of & in the differential 
equations. @,(7) and y,(7) are the same functions as in the coefficient of the 
first power of e. By Theorems IV and V, ,(7) and ¢,(7) are periodic fune- 
tions of 7 with the period 27 and so constituted that ,( 7) contains only cosines 
of even multiples of 7, and ¢,(7) contains only sines of odd multiples. 

In order that p, and a, shall be periodic we must have 


D®? = —a,— «€,, 


Trans. Am. Math. Soc. 8 
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and this makes 


> 
I 


A®a,(7) + €,45(7) + 7,(7) — 4,%,(7)s 


o, = A%y, (7) + &%(7) + (7) — a5(7)- 


In order that we may satisfy the initial conditions we must have p,(0) = 0; 
and this determines ¢, so that 


a,4, _ 


A” is not yet determined, but it is obvious that it must be zero in order to satisfy 
the periodicity condition on the coefficient of ¢* in which the non-periodic parts 
arising from terms involving the first multiple of Ar carry A” as a factor. 
Hence the only way to avoid non-periodic terms of this character is to choose 


A®=0. Anticipating this step then we have 
a,4,— i, : 
P, = 7. a,(7) + 7,(7)—4,4,(7), 
(191) oo 
a,4,— 1, 
“%(7) + (7) — 4,95(7)- 
6 


Hence p, contains only cosines of even multiples of 7, and o, contains only sines 
of odd multiples of 7. 

It remains only to show that this process of integration can be carried on 
indefinitely. Assuming that up to and including p,_, and o,_, every p, and o, 
is periodic with the period 27 and that the p, contain only cosines of even 
multiples of + and o, only sines of odd multiples of 7, except that p,_, contains 
the term A’~'a,(7) and o,_, contains the term A'~''y,(7), it will be shown 
that the same conditions obtain for the next succeeding step. For p, and a, we 
have from the differential equations (138) 


P; + 8. p; + 0,6, _ C. €; + A sit [O..€, a, + 28, P 2, 


(192) + rol Pr% +, %) + 28, 0,% | + ;, 
a, + 6,0, + 6. p, — A = [ 28,,, p, a, + 8.,,( P; W+¢, a, )+28,,.,0, 7, ] +¥,. 


From the properties of the differential equations it is readily seen that ®, con- 
tains only known terms all of which are cosines of even multiples of 7, and that 
WV, contains only known terms all of which are sines of odd multiples of +. The 
coefficients of A’~" are homogeneous of the first degree in a, and y,, and con- 
sequently each term involves a first multiple of Ar. Their solution gives rise to 
non-periodic terms of the form 72,(7) and ry,(7). They carry A°~" as a 
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factor, and since terms of this type arise nowhere else in the solution we can 
make them disappear only by putting A‘-'’ = 0. The solution for (192) then 
has the form 


p,= A\'2,(7) +.D [r2,(7)+2,(7)] + [n(7)+4,72,(7) ] +¢,[a,(7)+a72,(7)], 
(193) , 
o,=A'y(7)+D [ry (7) +,(7)] + [(7) +ary(7) |] +¢[-y,(7) + ary,(T)]. 


where »,(7) and ¢.(7) are periodic with the period 277, and by Theorem V, 7, (7) 
contains only cosines of even multiples of 7, and ¢,(7) contains only sines of 
odd multiples of 7. 

For p, and a, to be periodic it is necessary and sufficient that 


D” = —a,—«¢,, 
which makes 
P; A“ a,(t) + 9,(7) — 4,4,(7) + €,4,(7), 
co; Ay, (7) + §,(7) — 4,9,(7) + €:%(7)- 


(194) 


From the initial conditions we must have p,(0)=90. This condition deter- 


mines €. to be 
rj = (jas 
‘ a,%,— h, — AG, 


ai, 
Thus the constants are uniquely determined. The p, and o, have the properties 
assumed for those having lower subscripts, and the process of integration can be 
continued indefinitely. Every A“ is zero. Since no terms involving the Az 
enter, the solution has the period 27. But the orbits represented belong to 
the class of generating orbits from which we started. In other words, we set 
out with a generating orbit for which the initial distance was, let us say, 7,, and 
we have found another generating orbit for which the initial distance is 7, + e 
(e arbitrary). There is nothing surprising in this, for 7, is a function of an arbi- 
trary constant 8. Let us suppose we had started with a definite value of 8, 
let us say 8,. This gives us a definite generating orbit with a definite initial 
distance r,. Let us seek now the generating orbit for which the initial distance 
is7,+e. If e is sufficiently small we can evidently give an increment € to 8 


which will increase 7, by the amount ¢. We have 
"9 =f(B,), 
ry + e=f(B, + €). 
Expanding the right member of the last equation by Taylor’s theorem we have 


Pf 


et... 


1 
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and by inversion, since 


of 0 
op at . 
1 
€e= are + cee, 
op, 


which we might write 


e=eetee+--.. 
Then by substituting in the generating orbit 
B=P,+ee+¢,0+--- 


and arranging as a power series in e, we would obtain the generating orbit which 
we sought. As these are the same conditions that are imposed when we seek 
new orbits through the equations of variation it is to be anticipated that one of 


the class of generating orbits satisfies the conditions. 


Second solution. 


We return now to equation (186) where the two methods of satisfying the 
periodicity condition presented themselves, and we shall continue with the second 
solution. We choose e, = 0, which we found determines A’ to be A‘) = 1/2,. 
From (82) it is seen that z, = 2,(0)=1,and therefore A'’=1. Hence in the 
second solution 
(195) P,=%(T), 9, =%,(7)- 


Using these values of A'' and ¢,, 72, and S, of (186) become 


Rk, =— [ Foy. as + Cus a, Ni +> Gas Vi ] + €, 6.0 9 
(196) oa. eee 
S; _ [ F.cg a, + Gro 4; + Bo ]. 


All of the terms in these expressions except ¢€,0,,, are of the second degree in 
a,and y,. Therefore they involve terms carrying 2A7 and terms independent 
of Ar. @,, also is independent of Ar. In the solution the terms depending 
upon 2A7 are periodic by Theorem II. As for the terms independent of 2, 7, 
contains only cosines of even multiples of 7 and AS, contains only sines of odd 
multiples of +. These terms give rise to non-periodie terms in the solution 
which has the form 


p, = A®*a,(7) + D*[ 72,(7) + a,(7)] + ,(A, 7) 

+[n,(7) + a,72,(7)]+¢,[4,(7) + ata,(T)]3 
(197) ae 
o,= A” y,(7) + D*[ 77,(7) + 93(7)] + (4, 7) 


+[6,(7) + 4,77,(7)]+¢[7,(7) + aty,(7)]- 
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In these equations ¢,(A, 7) and y,(, 7) are the periodic terms involving 2, 
n, and £, are the periodic terms with the period 27; a, the constant belonging 
to the non-periodic part, and the coefficients of ¢, are the solutions arising from 
the coefficient of ¢, in the differential equations. In order that this solution 
(197) shall be periodic it is necessary that 


D® =—a,— ae,, 


and this reduces p, and a, to 


p, = A”a,(7) + (A, 7) + 9,(7) —4,2,(7) + €,2,(7), 


(198 
) a, = A®y,(7T)+ (A, 7) + $(7) — @9,(7) + 2% (7)- 


In order that we may satisfy the initial conditions we must have p,(0)=0. 
Hence, since 2,(0)=1, 


A® = — $, — 9, + 4,4, — €,%,. 


The constant ¢, is determined by the periodicity condition for the coefficient of e’. 
Coefficient of e°. 


(199) p,, + Op, + 0,0, _ R,, o,+ 6,0, . Op, — S;, 


where 
Be, = yoy €s + yo, P+ 2929; P2 + Fyry [FP + %1 Po] + 209%) Fz + Foo Pj 
> 919 P; o, + Ooo oy i Boag Ft » 


28... P2 + x0 [o,p, + op, | +> 2B nyo, c + By Pi; 


+ 6,,,pio, + 9,,p,0% + 8 


030 g} : 
In classifying the terms which belong to the expansion of /2, and S, we bear in 
mind : 

First. The @,,, in 2, involve only cosines of even multiples of 7, except those 
which are coefficients of odd powers of oa (i. e., j is odd). These involve only 
sines of odd multiples. The reverse is the case in the 0,, of S,. If j is even, 
6... involves only sines of odd multiples of 7. If j is odd, 6,,, involve only cosines 
of even multiples of r. 

Second. p, and p, are cosine series. The terms independent of \ involve only 
even multiples of 7. 

o, and a, are sine series. The terms independent of \ involve only odd mul- 
tiples of tr. 

It is seen then that among the terms in 7, which are independent of only 
cosines of even multiples of 7 enter; and among the terms in S, which are inde- 
pendent of 2 only sines of odd multiples enter. In the process of integration 
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therefore two types of non-periodic terms arise, first, those coming from the 
terms which involve the first multiple of Av, and second, those coming from the 
terms independent of A. It is important therefore to separate the various terms 
into three classes : 

(a) terms independent of A, 

(6) terms involving first multiple of Av only, 

(c) terms involving multiples of Ar higher than the first. 
The solution for these last terms is periodic. We rewrite then the differential 


equations (199) as follows: 
Pi + O,p, + 4,0, = €,8i, + E,(Ae T) +A(As 7) + A(T) +1, (4A, 7), 
o,,+0.0,+ 6,p, = €,9,(4,T) +9,(4, 7) +9,(7) +9,(#A, T). 
The coefficients of ¢, are, explicitly, 
(200) F(A, T) =9,,,%, + 28am a, + Fo 1%, +7, %,) + 26a Ye: 
g,(A,7T) = Zi) Bo Hs A ii ( Oe %q +, %) + 24.00% Vo 


These terms are homogeneous in the first degree in a, and y,, and conse- 
quently involve only terms which carry the first multiple of Av. They are of 
importance since they carry the undetermined constant ¢, as a factor. The solu- 
tion for these terms has, by Theorem II, the form 


P= F(A, T)+ b,7a,(7T), c= G,(A, tT) +b, Ty,(7), 


where F(A, 7) and G(A, 7) are periodic and involve only terms carrying the 
first multiple of Ar. b, is a constant depending upon F(A, tT) and g,(A, 7). 
It is found, by a calculation not difficult, to have the value 


b, =3 + p(y’). 


The functions /,(A, 7) and g,(A, 7) have the same characters as f(A, 7) 
and g,(X, 7). They are considered separately since they are independent of e,. 


Their solutions may be written 
p= F(A, 7) + 5,74,(7), o=G,(A,7)+ b,7y,(T). 


The terms /,(7) and ¢,(7) are independent of A. /,(7) contains only cosines 
of even multiples of 7, while g,(7) contains only sines of odd multiples of 7. 
The solution for these terms has the form 

p= F(t) + 6,72,(7), o= G,(7t)+ b,7y,(7)- 


Finally, f,(4A, 7) and g,(kA, 7) involve only terms which carry multiples of 
Ar higher than the first. The solution for these terms is 


p= F (ky, 7), o=G,(hkA,7T). 
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The entire solution is then 
p, = A®a,(7) + D® [7,(7) + a,(7)] +6€,[4,(7) + ata,(7) | 
+¢,[ F(A, 7) +5,74,(7)] + [ F(A, 7) + 5,72,(7) | 
+ [ F,(7) + b,74,(7)] + F(A, 7), 
1 y. (7) + DL ry,(7) + ¥,(7)] + 6,0 7,(7) + ory, (7) J 
+e, [G,(A, 7) + 5, 7y,(7)] + [G.0% 7) + 4, 77,(7)] 
+ [G,(7) + b,ry,(7)] + G,(AA, 7). 


All of the functions 2,(7), y,(7), #.(7), and G,(7) are periodic. In order 

that p, and o, shall be periodic it is necessary and sufficient that the coefficient 

of ra,(7) and ry,(7), and the coefficient of ta, (7) and ty,(7) be zero. That is, 
D® = —b, — ue,, 


and 


b. 


E£=->— ’ 


by which condition the value of €, is determined. In order to satisfy the initial 
conditions we must have p, = 0 at tr = 0, and this determines A“, 


b, 7 y y 7 
A“) = b,a,(0) — €,a,(9) + 5 F(0)— F,(0) — #,(9) — #,(0). 
1 
Thus all the constants are determined except ¢,, and the solution is 


b, 


p= A a,(7)—b,2,(7) +€,2,(7)—p F(A, 7)+F, (A, T) + F717) + F (kA, 7), 
l 


_ _ ‘ , 
o,= A' M(7)—b,7(7) +47) — 7° Gr, T)+ GAA, 7) + G,(7) + GAA, 7). 
1 


The constant ¢, will be determined in satisfying the periodicity condition for 
the coefficient of e*. This process of integration can be continued indefinitely. 
p, and o, have the same properties that have been stated for p,ando,. It is 
evident from the properties of the differential equations that these properties 
persist for p, and o,, and so on indefinitely. The coefficient for ¢, , in so far 
as it carries the first multiples of Av is always the same as for ¢e,. Therefore 
the constant ¢, , can always be determined so as to avoid non-periodic terms of 
the type 7a,(7) and ry,(7). The constant D of integration can always be 
determined so as to destroy non-periodic terms of the type ta,(7) and ty,(7). 
The constant A” can always be determined so as to satisfy the initial condi- 
tions. The analysis of the type of terms entering is the same as for the sub- 
script 3. 
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We have therefore a periodic solution with the period 2 A which is different 
from the class of generating orbits from which we set out, for the particle makes 
many revolutions before its orbit reénters. After integrating the equation 
dv/dt =c/r* the solution will contain five arbitrary constants (subject to the 
condition that \ must be rational), corresponding to mean distance, eccentricity, 
inclination, node, and epoch. 

UNIVERSITY OF CHICAGO, 

April 20, 1909. 





